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: Recently, Chatterjee (2021) introduced a new rank-based correlation coefficient which
can be used to measure the strength of dependence between two random variables. This
coefficient has already attracted much attention as it converges to the Dette-Siburg-
Stoimenov measure (see Dette et al. (2013)), which equals 0 if and only if the variables
are independent and 1 if and only if one variable is a function of the other. Further,
Chatterjee’s coefficient is computable in (near) linear time, which makes it appropriate
for large-scale applications. In this paper, we expand the theoretical understanding of
Chatterjee’s coefficient in two directions: (a) First we consider the problem of testing
for independence using Chatterjee’s correlation. We obtain its asymptotic distribution
under any changing sequence of alternatives converging to the null hypothesis (of in-
dependence). We further obtain a general result that gives exact detection thresholds
and limiting power for Chatterjee’s test of independence under natural nonparametric
alternatives converging to the null. As applications of this general result, we prove a
n~'/* detection boundary for this test and compute explicitly the limiting local power
on the detection boundary for popularly studied alternatives in the literature. (b) We
then construct a test for non-trivial levels of dependence using Chatterjee’s coefficient.
In contrast to testing for independence, we prove that, in this case, Chatterjee’s coef-
ficient indeed yields a minimax optimal procedure with a n~'/? detection boundary.
Our proof techniques rely on Stein’s method of exchangeable pairs, a non-asymptotic
projection result, and information theoretic lower bounds.
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1. Introduction

Suppose (X1,Y1),...,(Xn,Yn) b Fxy(-,-) for some bivariate distribution function
Fxy(-,-), with marginals Fx(-) and Fy(-) for X; and Y7, respectively. The problem of
measuring and testing the extent of dependence between X; and Y; has attracted much
attention for over a century (see e.g., [11, 21, 43, 56, 60]). A fundamental question in this
regard is the classical independence testing problem

Ho: Fxy(z,y) = Fx(x)Fy(y) Vo,y € R versus Hj : not Hp. (1.1)

Problem (1.1) has been studied extensively in the statistics literature along with a variety
of applications (see [6, 10, 11, 24, 25, 30, 32, 37, 38, 43, 53, 60, 68, 18, 20, 23, 35, 57, 66,
67, 69, 34]). Note however that (1.1) tests only whether X and Y are fully independent
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or otherwise, and does not give any indication as to how strong the dependence between
X and Y is. Therefore to better understand the dependence, an alternative approach is to
use a measure of dependence, say p(Fx y), which can be chosen as classical measures such
as Pearson’s linear correlation coefficient [56], Spearman’s rank correlation coefficient [61]
or more nonparametric measures such as [21, 30] to name a few, and consider the testing
problem

Ho: p(Fxy)=po versus Hi:p(Fxy) > po, (1.2)

for general pg. Depending on the choice of p(Fx y), problem (1.2) gives a more interpretable
understanding of the dependence between X; and Y;. For example, if p(F X7y) is chosen to
be Pearson’s correlation, then (1.2) helps understand how well Y] can be predicted from X;
using a linear function; and if p(F'x y') is chosen to be Spearman’s correlation, then it helps
understand how well Y7 can be predicted from X; using a general monotone transform.

In view of problems (1.1) and (1.2), recently, Chatterjee [15] introduced a new non-
parametric data rank-based correlation coefficient &, (see (1.3) below for definition). This
coefficient in [15] possesses a combination of natural, but unique characteristics not ex-
hibited by other measures. In particular, it converges to 0 if and only if X; and Y
are independent and to 1 if and only if Y7 is a measurable function of X, as long as
X1 and Y; are non-degenerate. In fact, Chatterjee’s coefficient converges to the Dette-
Siburg-Stoimenov measure (see [21]; also see (1.4)) for general bivariate distributions. It
also produces a consistent test against all fized alternatives for problems (1.1) and (1.2),
and is computable in (near) linear time (in terms of sample size), making it suitable
for large-scale applications. Furthermore, through extensive simulations in [15], the au-
thor argued that &, converges to a population measure £(Fxy) (introduced first in [21];
see (1.4) below) that captures how well Y7 can be predicted using general measurable func-
tions of X (see Section 4 for more details). This gives the testing problem (1.2) using
p(Fxy)=&(Fxy), a natural and completely nonparametric interpretation. Consequently,
it has attracted much attention in the past two years, in terms of both applications and
theory (see [4, 12, 13, 19, 28, 40, 58, 63, 5, 36, 50, 48, 49, 17, 29, 70, 59, 9, 1, 39, 33]). The
goal of this article is to expand the theoretical understanding of &, for the widely popular
testing problems in (1.1) and (1.2) under general local alternatives (that is, when alterna-
tive converges to null as the sample size n increases) and obtain exact detection thresholds.
Before discussing our main results, let us first present Chatterjee’s test statistic in [15].

We arrange the data as (X(1), (1)), - - -, (X(n), Y(n)) s0 that X(;) < ... < X(,,) and Yy is
the Y value concomitant to X(Z-). Let R, ; be the rank of Y;, i.e.,

Rpi=>» 1(Y; <Yj).
j=1

Now consider the statistic given by

n—1
3
Goi=1- 5 Z |Ry (i+1) — R, - (1.3)
i1

Here R, (;) is the rank of Y;). Note that this statistic is well defined if there are no ties
among X;’s. For a more general definition of &, that allows for ties, see [15, Page 2]. For
technical convenience, we will work with the above definition of &, instead of the more
general definition that takes potential ties into account. In particular, we will assume the
existence of marginal densities of X’s and Y’s for the rest of the paper.
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It has been established in Theorem 1.1 of [15] that &,, as defined in (1.3), converges
almost surely to the Dette-Siburg-Stoimenov measure (see [21])

(fxy) =6 / E[B(Y < t|X) - P(Y < B fy(t) dt, (1.4)

where fxy(-,-) denotes the density corresponding to the distribution function Fx y(-,-),
with marginal densities fx(-) and fy(-). In various bivariate copula based models, £(fx y)
turns out to be a monotonic function of the natural dependence parameter (see examples
1.(a) - (d) in [21, Page 9 and Theorem 2]; also see Section 4), thereby making it natural
and interpretable as a way to measure the strength of dependence between X; and Y.

1.1. Problem setup and summary of main contributions

We will use the standard framework of local power analysis taken from [41, 42] which is
popularly used in independence testing procedures, see e.g., [7, 44]. Towards this direction,
consider a triangular array of i.i.d. random variables (X, 1,Yn.1),..., (Xnn, Ynn) from a
bivariate density f)(? ;(, -) with marginals f)(? )(-), fx(,”)(-). Note that the joint distribution
is no longer fixed, but changes with the sample size. We analyze the testing problem

Ho 2 &( )(?%/) =& versus Hy,: {(f)(("{,) =& +cn, & €0,1) (1.5)

where £(+) is as defined in (1.4) and

(b0 = (Y L& asn— . (1.6)

Clearly distinguishing between Hg, and H;, becomes harder as ¢, converges to 0 faster.
Also note that by [15, Theorem 1.1] and [21, Theorem 2], testing {, = 0 exactly corresponds
to the test of independence as in (1.1). As &, — ( f)(? %/) converges almost surely to 0 under
mild assumptions (see [15, Theorem 1.1]), a natural level a test function for (1.5) is given
by

O = ]]-(fn —& > Zn,a)a (17)

where z, . is chosen appropriately so as to satisfy the level o condition. Define the power
function of ¢,, as

B (FY) = P(n = 1). (1.8)
Our goal is to investigate the following: “What is the fastest decaying ¢, | 0 such that ¢,

can distinguish between the null and the alternative, i.e., By, (f;%/) — 1 as n — oo under
Hi ¢ Further, is ¢y, optimal for the testing problem (1.5)%”

In this paper, we provide an exact answer to this question. We find a dichotomy based
on whether or not the limiting Dette-Siburg-Stoimenov measure &y is zero or positive. We
make a two-fold contribution in both of these regimes. Note that the case where £y = 0 in
(1.5) corresponds to the important problem of independence testing. On the other hand,
when &y > 0, we refer to the null hypothesis in (1.5) as the problem of testing for degree of
association between X and Y.

Critical detection boundary of ¢, for independence testing ({9 = 0): For this case, in The-
orem 2.2, we show that the power of ¢,, converges to «, or 1, or a number in («, 1) depending
on whether y/n¢,, converges to 0, or oo, or some number in (0, 00), respectively. This indi-

cates that the best choice of ¢, that ensure Sy, ( )({ny) — 1is ¢, = O(n=1/?).
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This is however a suboptimal threshold in terms of detecting dependence. To see this,
consider the case where (X1,Y7) is a bivariate normal distribution with correlation p,,.

Theorem 2.2 implies that 3, ( f)(? %,) converges to «, or 1, or a number in («, 1) depending

on whether n'/ 4p,, converges to 0, or oo, or some number in (0, 00), respectively. This implies
that ¢, has a detection boundary of O(n_l/ 1) in terms of p,. However, it is well known
from Le Cam’s theory of local asymptotic normality that the optimal detection threshold
for py is of the order n=/2 and not n~/4. In Section 3, we give concrete examples of this
detection boundary in some other local parametric alternatives, viz. simple mixtures, and
noisy nonparametric regression.

Minimaz optimality of ¢, for testing degree of association (§y > 0): For this case, in The-
orem 4.1, part 1, we show that Sy, ( fg? ;,) converges to 1 provided y/nc, — oo. In contrast

to the & = 0 case, we prove in Theorem 4.1, part 2, that ¢, = O(n_l/z) is indeed the
optimal threshold when & > 0 in a local asymptotic minimax sense (see (4.4)). In other
words, if \/nc, — (0,00), then no test can uniformly have power converging to 1. Therefore
cn = O(n~1/2) is the correct detection boundary and this highlights the minimax optimal-
ity of Chatterjee’s correlation coefficient for the testing problem (1.5) when &, > 0; see
Section 4 for more details.

Additionally, as a technical device for the results above, we develop a central limit the-
orem for &,.

Central limit theorem for shrinking alternatives: In Theorem 2.1, we show that for any
sequence of alternatives specified by &(f )((n %,) — 0, &, is asymptotically normal. Further, we
characterize the limiting mean and the liniiting variance explicitly. This is a wide generaliza-
tion of the asymptotic normality results in [12, 15, 58] which are stated under independence,

or the fast shrinking alternatives &( )(? %/) = O(n~Y?). Theorem 2.1 weakens this assump-

tion only to &(f )(? %,) — 0 and might be of independent interest. This CLT is obtained using
Stein’s method-based technique (see [14]). After the first draft of our paper, a number of
other interesting limit theorems for &, or modified versions of &, have been established that
highlight the interest in Chatterjee’s correlation; see e.g. [36, 48, 49, 50, 1, 70] to name
a few. In the following section, we will summarize the other relevant contributions to the
problem considered here.

1.2. Comparison with existing literature

Prior to the first version of our paper, the theoretical analysis of £, had been carried out
in three papers. In Chatterjee’s paper [15], the asymptotic distribution of &, was derived
under Hy as in (1.1) and its consistency against fixed (not changing with n) alternatives
was proved. Two other papers [58] and [12] have analyzed &, under smooth contiguous
alternatives (see [65, Chapter 6]). For example, under the mixture type alternatives in
Section 3.1, their results show that ¢,, is powerless along “contiguous” alternatives, i.e., in
cases where the mixing probability shrinks to zero at a n~1/2 rate. The proofs in [12, 58] use
Le Cam’s third lemma (see [65, Example 6.7]) which requires analyzing &, and the likelihood
ratio jointly but only under the null, (that is, when X,, ; and Y, ; are independent) followed
by a change of measure formula that only holds under contiguous scales and not beyond.
In contrast, the focus of our paper is characterizing the exact detection boundary of &,
which as we shall see, happens to be in the non-contiguous regime. We therefore adopt
a proof strategy using Stein’s method-based technique of local dependence (see [14]) and
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non-asymptotic projection results. While the focus of the paper is in the bivariate setting,
it should be noted that multivariate versions of &, have been studied in the literature (see
[4, 19, 1]) and asymptotic distributions under independence have been obtained in [19, 59, 1].

After the first draft of our paper, a number of other results of interest have further
solidified the understanding of &, or modified versions thereof. In [48], the authors modified
&, by incorporating more “right nearest neighbors” in its definition. They then proved that
in the bivariate Gaussian independence testing problem (see Section 3), as the number
of right nearest neighbors grow, the detection boundary moves from O(nil/ 4) to nearly
O(n~'/2). On the other hand, in [49], the authors show that &, is asymptotically normal
even when &( f)(? %,) = &y > 0. The limiting variance, in that case, is no longer universal
and depends on the data distribution. The authors in [49] obtain a consistent, analytic
estimator of this limiting variance. In the follow-up paper [50], the authors show that a
natural bootstrap estimator of this limiting variance is not consistent under independence.
On the other hand, [70] proved the asymptotic normality of a symmetrized version of &,.
We also refer the reader to the recent review paper [16] which provides a comprehensive
overview of dependence/association measures that are based on &,.

1.3. Organization

The rest of the paper is organized as follows. In Section 2 we describe our main results
when & = 0. In particular, Theorem 2.1 and Theorem 2.2 yield asymptotic limits of &,
(centered and scaled) and asymptotic expressions for Sy, ( f}(? %,) depending on how fast
cn 1 0. Applications of these results to test for independence in popular local parametric
models are provided in Section 3. In particular, Corollary 3.1 and Corollary 3.2 highlight
the n~1/4 detection boundary. In Section 4 (see Theorem 4.1), we show that the test ¢,
constructed in (1.7) is minimax optimal for the testing problem (1.5) when & > 0. The
proofs of all main results are presented in the Appendix A. Finally, Appendix B contains
the proofs of some additional results and technical lemmas.

2. Critical detection boundary of ¢,, for independence testing

In this section, we first show that under a wide class of bivariate distributions satisfy-
ing (1.6), &,, appropriately centered by its mean and scaled by its standard deviation,
converges to a standard normal distribution. We provide a precise characterization of the
limiting bias and standard deviation of £,. We then use these findings to obtain the detection
threshold and asymptotic power of the test ¢, as described in (1.7).

Recall the setting from the Introduction. We consider (X, k, Yy k)i1<k<n, n € N, a tri-

angular array of i.i.d. random variables drawn from a bivariate density f)(? %,(, -). All the
probabilities and expectations taken in the sequel are with respect to the measure induced

by Sy ().
Notice that from (1.3), with the identity Y >°|i — j| = n(n? — 1)/3, one has
i#]

3 1 A
= | DD li—dl- leRn,W) — Ry (3]

i i=

We will need the following definitions.
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Definition 2.1 (Kantorovic-Wasserstein distance). Given any two probability measure p
and v on the real line, the Kantorovic- Wasserstein distance between u and v is defined as

W(p,v) = sup {'/hdu - /h dv|

h(-) is Lipschitz, [A|Lip < 1} .

In our applications, we will fix v as the standard Gaussian distribution, which leads to
the following natural notion of “distance to Gaussianity” based on Definition 2.1.

Definition 2.2 (Distance to Gaussianity). Let v be the standard Gaussian law and T be a
random variable with the law p. Then the distance between T and the standard Gaussian is
defined as

D(T) = W(n,v),

where v s the standard normal law.

We first state our assumptions.

Assumption (A1l). There exist functions Lgn)(-) :R — [0,00) fori=1,2 and numerical

constants k1 > 0, n € (0,1], and 6 € (1,00] such that ¥y, x1,x2,

[P(Yaa 2 gl Xn1 = 21) = P(Va 2 gl Xn1 = 22)] < (14 L (@1,9) + L5 (w2, ) a1 — o],
(2.1)
lim sup/(LZ(n) (x, y))af)(?) ($)f3(,n)(y) dx dy < Ky, (2.2)

n—oo

where f)(?)(-) and f)(/n)(-) are the marginal densities of X, 1 and Y, 1 under the joint density

Assumption (A2). There exist numerical constants v > 1 and ko > 0 such that

limsup E| X, 1|7 < k2.

n—oo

Note that Assumption (A3) is weaker than the standard 7 Hoélder condition, in that the
Holder constants are allowed to depend on y,x1,x2 and also n. In this sense, it is weaker
than the assumptions in [4] and related papers. Assumption (A4) is a standard moment
assumption to control the tail of the distribution of X, ;’s. This tail behavior crucially
affects the distance between X,, ;) and X, (;11), see e.g., [8, Section 2.2].

We are now in position to state our main result. In the following theorem (see Section A.1
for a proof), we show that &,, appropriately centered and scaled, has a limiting normal
distribution in the asymptotic regime §(f)((n%/) — 0.

Theorem 2.1. For any bivariate density f)(?%,(x, y) satisfying Assumptions (A3) and (A4),
there is a numerical constant C(n,0,v,k1,k2) > 0, i.e., depending only on the parameters
n,0,7, k1, ko from Assumptions (A3) and (A}), such that:

(i) For alln > 1, we have

ValEG) — €| < on 2 4 evba 1 (£ ) > 0).
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(i) Moreover,

Vi (6 — €8y

: 1/2
2/5

)> gcn*1/2+0( s +mb) L(E(S{Y) > 0),

where D is the Wasserstein distance to normality defined in Definition 2.2, and b, is
defined as

- (2.3)

y(0-1) \ ny
o 1 2\ (3F0A+5)
bTL =n ’Yll (log n)2 _|_ <(mg77/)> .

In particular, part (ii) of Theorem 2.1 shows that if &( f +) — 0 and ¢ L An > s

2 0

then
Virlgn = §(F7)) = N1(0.2/5). (2.4)
Therefore, in the entire asymptotic regime & ( ) — 0, we see that £, has the same limiting

variance, which matches the case where the X s and Y’s are mutually independent (also
see [15, Theorem 2.1]). A couple of remarks on the assumptions needed in Theorem 2.1 are
now in order.

Remark 2.1. To understand the condition % An > VQ—H, let us first focus on a simple
case. Assume that the conditional probability in (3.14) is uniformly Lipschitz in y,x. In that
case, n =1 and L( )( ), Lgn)(-) are both uniformly bounded. In view of (3.15), this implies
0 = oco. Therefore —1 An = 1. Recall from Assumption (A4) thaty > 1 denotes the number

of finite moments of Xn1. Therefore, VH < 1. As a result, the condition 91 An > 7“
holds in this case.

More generally speaking, the condition % A > 72—1;1 can be rewritten as the combination
of the following conditions:

1 1 1
-4+ — <1, —<2n-1.
9+2’y 0% "

Therefore, if the Holder exponent n in (3.14) is greater than %, then the condition % A

n > % holds whenever Lgn) (Xn1,Yn2), Lgn) (Xn1,Yn2), and X, 1 have sufficiently light
tails.

Remark 2.2. In this paper, we have restricted ourselves to the case where the Hélder
exponent n < 1 instead of expanding to higher-order Holder reqularity. This is because parts
(i) and (ii) of Theorem 2.1 show that the order of the bias E(&,) — &( )(g%,) is o(1/y/n)
which is already of a smaller order than its fluctuation (&, —EE,) = Op(1/y/n). As a result,
imposing stronger reqularity leads to no further gains here. The situation would be different
for the multivariate version(s) of Chatterjee’s correlation (see [4, 19]) where the bias would
reflect a curse of dimensionality and be of a higher order than the fluctuations. While this
s an interesting question, it is currently beyond the scope of this paper.

Note that Theorem 2.1 greatly generalizes the asymptotic normality theorems of
[12, 15, 58] that are only valid under the null hypothesis of independence, or for contiguous
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parametric alternatives and cannot be used to analyze £, along non-contiguous and non-
parametric alternatives. Therefore we believe Theorem 2.1 is of independent interest and
hence we have presented it here as a separate result. Since Theorem 2.1 aims to provide
asymptotic normality for any alternative with &( f)(? %,) — 0, we can no longer use tradi-
tional instruments such as Le Cam’s third lemma, which is the main tool in [12, 58]. Note
that Theorem 2.1 holds for a large nonparametric class of distributions and comes with
finite sample guarantees. In order to prove Theorem 2.1, we use Stein’s method of normal
approximation for locally dependent structures [14] and some explicit bias and variance
computations. To elaborate briefly, we observe that &, can be rewritten as

3n ~ NN ~
b= ~ BVl = Y| B i) - BV |+ (25)
i=1
where 13 (-) is the empirical cumulative distribution function (CDF) of Y;, 1,..., Y, ..
Let F}(, )( *) denote the population CDF of Y, ;. Recall that X, 1) < ... < X, (,,) and Y, (5

is the Y value concomitant to X,, (;y. The main idea is to show that we can replace F},(:)

by F)(/n) (+) asymptotically. In other words, we show that &, is close (with quantitative error
bounds) to &, where

&n = ZZ’F — Y (Yo, ‘—Z‘F(n) n,(i+1)) F}(fn)(Yn,(i))

(2.6)
Next, we quantify the proximity of the distribution of £ (appropriately centered and scaled)
to a standard normal distribution, using [14, Theorem 3.4], to establish Theorem 2.1.

Now, we characterize the asymptotic behavior of Sy, ( f)(g g/) defined in (1.8). First, sup-
pose that f{( ) — 00. As \/n (ﬁn —&( XY)) O,(1), by (2.4), it is clear that

Vi = Vi (& — €Y ) +VRE(TY) > oc.

Op(1)

Therefore the last equality in (1.8) coupled with the above display implies that whenever
NS ( ) — 00, we have 4, ( )(? %,) — 1. By using a similar sequence of arguments, we

get the complete picture of the limiting behavior of Sy, ( f)(? ;), formalized in the theorem
below.

Theorem 2.2. Suppose §(f)((n§,) — 0 and Assumptions (A3), (A4) are satisfied with n, 0,
such that % An > ”’TJle Let z, be the upper a quantile of the standard normal distribution.
Then the test ¢y, defined in (1.7), with z, o = n~Y22,1/2/5 has a power function satisfying

B (1S ) P(Vnén > 2a/2/5) =1 — (za _ \/ﬁg(f)(g;)/\/ﬁ) +o(1)

On the other hand, when f(f)((n%,) — ¢ > 0, ¢, has asymptotic power equal to one. In
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particular, we have the following explicit characterization of the asymptotic power of ¢,:

o if VRE(FY) = 0
Jim B, () = 1= (20— eo/V/2/5) i VRE(FYY) w o€ (0,00)  (27)
! if VRE(fy) = oo.

)

Theorem 2.2 reduces the power calculation to calculating the population measure of
association under the alternative. Once again we emphasize that these results do not depend
on any specific form of the alternative distribution. In Section 3 we consider the applications
of Theorem 2.2 to certain parametric classes of alternatives, previously considered in the
literature. In doing so, we discover that for smooth parametric alternatives, the detection
threshold is seen on a non-standard scale of n~1/4. This is much larger than the optimal
detection threshold of n~'/2 in parametric problems, thereby leading to the suboptimality
of &, for testing independence (also see [58, 12]). We provide a detailed account of this in
the following section.

3. Applications

Throughout this section, we will use the test ¢, in (1.7) with 2, o = n_l/QZa\/2/5, where
Zq is the upper « quantile of the standard normal distribution. To interpret the detection
boundary from Theorem 2.2 in terms of its rate of decay with respect to n, it is crucial

to note that &( f)(? %,) (see (P1)) is the integrated squared distance between a conditional

and a marginal distribution function. For example, consider the case where f)(g %,(, 1) is the
standard bivariate density Gaussian with correlation p,. Then Y|X =z ~ N (p,z,1— p32).
Let ¢(-) and ®(-) be the standard normal density and distribution functions, respectively.
By first-order Taylor approximations, we then get

2
€)= [ o (“”) —@(t)] o(0) dt = /3 + of 2.

V1-=pk
This implies f(f)(?) )/p2 — V/3/7, that is, ﬁ(f)(?%/) scales like p? instead of p,. This is the
(n

result of {(fy %,) being an integrated squared distance. Using this observation in (2.7), we
get that

« if n'/4p, — 0
nh*{glo 5¢n(fX7Y77“n) =q1-®(zq —c1) if n1/4pn — ¢ € (0,00) (3.1)
1 if n'/4p, — oco.

This shows that a n=1/4 detection boundary emerges naturally out of Theorem 2.2 in the
bivariate Gaussian setting.

In this section we describe some applications of Theorem 2.2 in three popular local para-
metric models: mixture-type alternatives and noisy nonparametric regression. The detec-
tion thresholds and local powers for these two models are formally stated in Corollaries 3.1
and 3.2, respectively. The analysis of local asymptotic power of various tests along para-
metric alternatives reveals specific features of popular parametric models that control the
power of testing procedures. Consequently a lot of attention has been devoted to such anal-
ysis (see [22, 46, 47, 52, 55, 54]). Our general result as in Theorem 2.2 can be used directly
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to get detection boundaries and local powers under a number of popular alternatives, both
along “contiguous” (meaning O(n~'/2) perturbations around the null) and non-contiguous
scales, all in one go. We consider two such local parametric models in Section 3:

(a) Mixture type alternatives used in [2, 22, 26, 27, 58, 62]; see Section 3.1,

(b) Noisy nonparametric regression used in [15]; see Section 3.2

3.1. Simple mixture model
Consider the bivariate density of (X,Y) defined by

Ixye(z,y) =0 —r)fx(@)fy(y) +rgxy(z,y) YVz,yeR, (3.2)

where gxy(+,-) is a bivariate density function that does not factor into the product of its
marginals, fx(-), fy(-) are univariate densities, and r € [0, 1]. We also note that if = 0,
then X is independent of Y. Therefore it suffices to test if r = 0 or otherwise. Suppose that

gx,y (-, ) has marginals fx(-) and fy(-), i.e.,
/QX,Y(%?J) dz = fy(y), /QX,Y(UC, y)dy = fx(x). (3.3)
x y

Note that (3.3) implies that the marginals do not change under the alternative. Conse-
quently, we cannot use marginal-based tests (e.g., goodness-of-fit on marginal distributions)
to distinguish between the null and alternative. Instead, we will require an independence test
as demonstrated above. Furthermore, we also assume that there exist k1, k2 > 0, n € [0, 1],
and 6, > 1 such that

/ |9y 1x =21 (t) = 9y |x =2, (1) dt < (1 + L1(x1,y) + La(xa,y))|z1 — xa|", (3.4)
y
timsup [ (Lie,) fx (o) fy () dady < s, (35)
and
limsup/ |z|7 fx (z) dx < k2. (3.6)

Let us observe that (3.4) is a mild regularity assumption on the conditional distribution of
Y given X when their joint distribution has density g(-,-). Many common bivariate density
functions, like bivariate normal with finite mean and variance, satisfy this assumption.

To perform local power analysis under model (3.2), we adopt the same framework as
in [58, 26, 62]. Towards this direction, fix a sequence {r,},>1 with r,, € [0,1] for all n > 1
and consider the family of bivariate densities fx vy, (-,-) as in (3.2). It is easy to check that
the condition (1.6), i.e., £(fx,y,,) — 0 holds if 7, — 0. In the same vein as in (1.5), we
consider the following testing problem:

Ho:rp,=0 vs. Hy,:r,>0. (3.7)

In view of (1.6) we focus on the shrinking alternative r, — 0. Our object of interest is the
limiting power function, i.e.,

lim By, (fx,y;rn), Where lim r, =0.
n—0o0 n—oo

Crucially, Theorem 2.2 reduces the above problem to characterizing the asymptotic behavior
of £(fx,v,r,). This is the subject of the following proposition.
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Proposition 3.1. Let us consider (fx,y,,) defined in (1.4) for a sequence {ry},>1 such
that ry, € [0,1] and r, — 0. Then we have

E(fxyrm) =72 E(gxy)-

From Proposition 3.1 it is evident that \/né(fx y.,) — 0 or oo accordingly as n'/*r,, — 0
or oo. Further, &(fxy,,) also increases with {(gxy). Recall from (P1) that &(gxy)
is a measure of association between X,Y jointly sampled according to gx y(:,-). There-
fore, Proposition 3.1 shows that the power of ¢,, is governed by the strength of association
between X,Y when they are jointly sampled from gx y(-,-).

We now present the complete characterization of the asymptotic power of ¢, for the
problem (3.7), which follows immediately from Proposition 3.1 coupled with Theorem 2.2.

Corollary 3.1. Consider the problem of testing Ho versus the sequence of alternatives Hy ,,
defined by (3.7), for a sequence {ry}n>1 such that r, € [0,1] and r,, — 0. Suppose that (3.3)
holds and Assumptions (3.4), (3.5) and (3.6) are satisfied with % A > 72—4,;1 Then the
asymptotic power is given by

Q if nY 47, =0
Jim B, (Fxvira) = 41— (2 — ci€lgx.y)/v/2/5)  if n'/*rn = co € (0,00)  (38)
1 if nt/4r, — co.

Remark 3.1. In Corollary 3.1, the assumption (3.3) can be dropped. This will not change
the detection threshold, but would alter the expression of the local power when n/*r, — ¢
to a more complicated and less interpretable expression. We refrain from presenting that
version to facilitate easier understanding.

In Figures 1 and 2, we provide a numerical illustration of Corollary 3.1. We generate data
using the model in Section 3.1 with n = 4000, fx = N(0,1), fy = N(0,1), gx,y = N(0,X)

where
1 095
%= <0.95 1 ) ’

and the mixing probability r,, = n~, b € [0,0.5]. The power of the test, when averaged over
10000 runs, is plotted in Figure 1 as b varies in [0, 0.5]. Here f3, is a Monte Carlo estimate
(with 10000 replications) of the limiting local power under model (3.2) with r,, = n=9%25
and 3 as specified above; 8, ~ 0.295. Figure 1 clearly shows that the power decays sharply
from 1 to 0 as b varies between 0.2 and 0.3. In fact, when b is close to 0.25, the empirical
power is very close to the theoretical power 5*. A similar agreement between the empirical
and the theoretical distributions is also observed in Figure 2 where we plot the histogram
of /(& — r2€(gx.y))/+/2/5 under 7, = n~%% and overlay it with the standard normal
density curve, thus verifying (2.4) and Proposition 3.1.

3.2. Regression model

In our main motivating paper [15], the author considered the following model in numerical
experiments:

Y =9g(X)+0Z, (3.9)
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0.1 0.2 0.25 0.3 0.4 0.5

Figure 1: Power of ¢,, for (3.7) at different values of b.

0.4
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0.2

0.1

-2.5 0.0 2.

ot

Figure 2: A histogram of /n(&, — r2&(gx.y))//2/5 for 7, = n=925 with the standard normal
density curve overlaid in red.
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where 0 > 1, g: R = R, E[|g(X)|*)] < 00, Z ~ N(0,1) and X, Z are independent. We also
assume that X has a finite y-th moment for some v > 3 and g satisfies

lg(z1) — g(z2)] < (1 + [z1] + [22]) |72 — 21].

This is the classical noisy nonparametric regression model. Note that, as ¢ — 0o, the “noise”
part of the model (3.9) dominates the “signal” part given by g(X). Therefore, as 0 — oo,
the independence between the “noise” and the “signal” makes it harder and harder for the
independence testing procedures to have a high power. This makes it interesting to study
the performance of ¢,, in the context of model (3.9) and to obtain detection thresholds in
terms of o.

Therefore, we consider the natural parametric model with fxys,(-,-) being the joint
density of (X,Y) drawn according to the model (3.9) with o = o,. It is easy to check that
&(fxye,) — 0 as o, — 0o. Consequently, in the same spirit as in the previous section, we
are interested in the following limiting power function:

lim By, (fx,v,0,), where lim o, = oco. (3.10)
n—oo n—oo

As in Section 3.1, we first state a proposition characterizing the asymptotics of £(fx v, )
as n — oo.

Proposition 3.2. Consider the model (3.9) with o = o0,. We then have the following
identity:
Vi )
(v = Lo Var(g(X) + ol7?).

Proposition 3.2 shows that /n&(fx.ye,) — 0 or oo accordingly as n~'/4g, — oo
or 0. Also &(fx,y,s,) increases with Var(g(X)). This is indeed very intuitive. Note that if
Var(g(X)) = 0 then g(-) is a constant function which means X, Y are independent according
to model (3.9). Also note that Var(E(Y|X)) = Var(g(X)) and EVar(Y|X) = o2, ie.,
Var(g(X)) measures the proportion of the total variance of Y which is explained by X.
Therefore, it is only natural that the larger the value of Var(g(X)), the larger is the power
of ¢p,.

We now present the complete answer to problem (3.10), which follows immediately
from Proposition 3.2 coupled with Theorem 2.2.

Corollary 3.2. Consider the problem in (3.9). Then the asymptotic power is given by

« if n~ Y40, — 0o
lim B, (Fxve) = { 1= @(za — Gv3/m Var(g(X))/y/2/5)  if n Vi, — ¢ € (0,00)
1 if n~ Y4, — 0.

(3.11)

3.3. Rotation alternatives

As a third example, we now consider the pair of random variables (X,Y") satisfying

G”() B <i ?> @) (3.12)
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where U,V are independent, zero mean random variables with densities f; and fo. We
further assume that f; and fo are twice differentiable with the i-th derivative, i € {0, 1,2}

being denoted by fl(i) and f2(i) respectively. The 0-th derivative is the function itself. Note
that X and Y, drawn according to model (3.12), are independent if and only if A = 0.

To perform a local power analysis, we adopt the same framework as in [31, 45, 58]. Con-
sider (X,Y) ~ fxya,(-,-) asin (3.12) with A = A,,. It is easy to check that £(fx y,a,) = 0
holds if A,, — 0. In the same vein of the earlier examples, we are interested in studying the
following limiting power function

lim By, (fxyva,), where lim A, =0. (3.13)
n—oo

n—o0

Before stating the main results of this section, we need some assumptions which are
encapsulated below. Note that the first two assumptions are also required for the our main
results in Section 2.

Assumption (A3). There exist functions Lgn)(-) :R — [0,00) fori=1,2 and numerical

constants k1 > 0, n € (0,1], and 0 > 1 such that Vy,x1, x9,
IP(Yni > y| X1 = 21) — P(Yo1 > y| X = 22)| < (1+ L3 (@1, 9) + LS (22, y)) |21 — 2|7,
(3.14)
timsup [ (L) () 1)1 ) dody < s, (3.15)

n—oo

where f)((n)() and fx(/n)() are the marginal densities of X, 1 and Y, 1 under the joint density
Assumption (A4). There exist numerical constants v > 1 and k3 > 0 such that

limsup E| X, 1|7 < ka.

n—oo
Further, we make the following additional assumption for the rotation alternative.

Assumption (A5).
(1) EU =EV =0 and EU? = EV? = 1.
(2) Both fi and fa are continuous and twice differentiable. As t — oo,

L]0, and  [tf(0)] 0.

(3) There exist an € > 0, and real-valued functions Ry ¢(-,-) and Ra(-,-) such that

max sup
ke{0,1,2} |A|<e

oF u— Av
8Akfi (1 —A2> ‘ < R e(u,v)

for all u,v and i = 1,2. Further, for all £ € {0,1,2,3},

E [Rl;((%)v)mfr <oo.  E[Buv) V] <o
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These assumptions are natural and hold in various commonly used models including the
normal distribution, the ¢ distribution with sufficiently high degrees of freedom (10 or more)
and various other distributions in the exponential family. Under these assumptions we have
the following proposition which is proved in Section B.2.3.

Proposition 3.3. Consider the model defined by (3.12) with A = A,,. Then, under the
Assumption (A5), we have

E(fxya,) = AiVo+O(A}), (3.16)
where

f1(U)72
fi(U)] Ev[J2(V)] — QEV[J(V)fz(V)]>

Vo i= 6<Ev[f§<v>1 +Ey |

t
and J(t) :== [ yafa(y2) dys.

—00

The complete answer to problem (3.13) now follows by combining Proposition 3.3 with
Theorem 2.2, and is presented below.

Corollary 3.3. Suppose Assumptions (A3), (A4), and (A5) hold with ejTl/\n > VQ—nyl Then
the asymptotic power in (3.13) is given by

o if ntAN, — 0
Jim Sy, (fxya,) = 91— @z —cgVo/v/2/5)  if n'/* Ay — o € (0,00)  (3.17)
1 if n'/AA,, — oo,

where Vy is as defined in Proposition 3.3.

4. Minimax optimality of ¢,, for testing degree of association
Recall our basic setting, that is, (X1,Y1),..., (Xn, Yn) i1 )(?%/ In the earlier sections, we

focused on the case where &( )(? %/), the Dette-Siburg-Stoimenov measure, converges to 0 as

n — 0o. On the contrary, the focus of this section is on the other regime.
§(f§g%/)¢§o>0 as n — oo. (4.1)

This regime is of particular importance because the value of &( f)((n %/) provably encodes
how noisy the functional relationship between X and Y is. In partic{llar, in [21, Theorem
2] and [15, Theorem 1.1}, the authors show that {, = 1 implies Y is a noiseless function
of X. Further, in [21, Theorems 1 and 2], the authors also show that &( f;n %,) can be used
to define a natural notion of dependence ordering based on how well Y can be predicted
from X. Through some explicit computations, in [21, Section 4, Examples 1.(a) — (d)],
the authors further prove that in multiple copula based dependence models, &( f)((n %,) is
a strictly monotonic function of the natural dependence parameters. Moving to [157], the
author uses extensive numerical experiments to show that in a number of other examples,
including variants of noisy nonparametric regression, [15] also shows through extensive

simulations, that &(f )(? %,) decreases monotonically with increasing noise levels. Overall, these
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results show that through invertible transformations, one can directly convert &( )((n ¥) to
natural dependence parameters in a variety of models for (Xi,Y7). Therefore, dr7awing
inference about &( f)((n %,) immediately leads to interpretable inference about the nature of
dependence in a larée collection of models. We expand this collection of models further
in the following proposition by showing that &( )({n %,) is a monotonic function of natural
dependence parameters in all examples from Section 3.

Proposition 4.1 (Monotonicity of &( )(?%,)) Recall the definition of f(f)(("%/) from (1.4).

(1) Suppose
s (). (5 7o)
’ L2 ’ T109p O'% )

for pi, e €R, 01,09 >0, |p| < 1. Then §(f)((n%,) is free of u1, p2, 01,09 and a strictly
increasing function of |p|.

(2) Suppose that (X1,Y1) is distributed according to the mizture model in (3.2) with gx,y (-)
further satisfying (3.3). Then f(f)(gg,) is a strictly increasing function of r.

(8) Suppose (X1,Y1) is distributed according to the regression model (3.9), for o > 0.
Then f(f)(g%,) is a strictly decreasing function of o.

Motivated by the observations made above, we focus on the following natural hypothesis
testing problem in this section:

Hp : £(f)(§f%/) =&  versus  Hyy: |£(f;(?,§/) —&ol > cn, (4.2)

for some positive sequence {c,}n>1 and & € (0,1). Clearly if ¢, = O(1), then from [15,
Theorem 1.1], Chatterjee’s correlation &, can be used to consistently separate Hy from Hj ,,.
On the other hand, our focus here is when ¢,, = o(1) which leads to (4.1). When & € (0,1),
(4.2) can be viewed as a slightly general (two-sided) version of (1.5). The goal of this section
is to address the following pair of subtle questions:

e What is the fastest decaying sequence ¢, such that Chatterjee’s correlation coeflicient
&n can still separate Hy from Hy ,,?

e Conversely, what is the slowest decaying sequence ¢, such that no test can separate
Hp from Hj ,, in the local asymptotic minimax sense?

We will prove in this section that, for Chatterjee’s correlation, the detection boundary
occurs at ¢, > n~Y2. However, in sharp contrast to the & = 0 case, ¢, = n~1/2 ig
indeed the minimax optimal threshold, in that no test can consistently separate the two
hypotheses when ¢, ~ n~!/2. This indicates that Chatterjee’s correlation based test is
indeed minimaz optimal for testing the degree of association when the two variables are
not exactly independent. In the sequel, we will formalize these two notions.

We begin with some notation. Let I := (C,n,0,~) where the aforementioned constants
are taken from Assumptions (A3) and (A4). Consider the following family of distributions:

Hllo,fl(cn;F) = { )((Tg,() :&( )(Z%/) — &l > cp, f)(g%/ satisfies (A3), (A4) with constants I' = (C,n,@,'y)} .
(4.3)
In other words, the family Hlfj%(cn;f‘) consists of the family of joint distributions which

admit £(-) values at a > ¢, distance away from the null value &), and also satisfy Assump-
tions (A3) and (A4). Next, given a test function ®,, = ®,,((X1,Y1),...,(Xn,Ys)), consider
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its power function

ﬁ%(HlOC(Cn’ r)):= o )iI}{f1 y F)IP’(tI)n rejects Hllofl(cn,F)) (4.4)
cHPS (cn;

In terms of the definitions in (4.3) and (4.4), the goal of a good test ®,, would be to ensure
that S, (HlOC (cn;T)) — 1 as n — oo for “small” values of ¢,. Given a level parameter
€ (0,1), We define our candidate good test as follows:

bn =1 (|fn €l > ”5@?(2/“)). (4.5)

The following theorem provides matching upper and lower bounds for 5(_)(H11°,,‘;(cn; ).

Theorem 4.1 (Testing for degree of association).

(1) (Upper bound for &,). Fiz an arbitrary o € (0,1) and consider the test ¢y, from (4.5).
Then it is an asymptotically level o under Hy and

B (H10C (cn;T)) = 1

1n

provided \/nc, — oo.

(2) (Minimax lower bound). There ezists some o € (0,1) such that for any level a test

®,, based on (X1,Y1),...,(Xn,Y,), the following holds:

lim inf B, (HY HYS (en;T)) < 1

whenever lim inf \/nc, < oo.
n—oo
The two parts of Theorem 4.1 suggest that Chatterjee’s correlation based test is par-
ticularly suitable for testing the strength of association between two random variables and
is able to detect small departures from a fixed non-zero value of §(f)(?%/) (i.e., &) at the
optimal rate. It is worth noting that the lower bound in Theorem 4.1 Heavily relies on the
fact that 0 < & < 1.

Remark 4.1. In [}9], the authors show that

N A&( xy)) 4y N(0,1),

On

where oy, is a function of the data, and o,, = Op(1). Therefore, a natural alternative to ¢,
from (4.5) would be

= 1(vnlén — &0l > zas2),

where 2,/ s the upper /2 standard Gaussian quantile and f(f)(}g,) = &y. This test was
proposed in [49, Remark 1.4] and it has asymptotic size exactly equal to . On the flip side,
from the definition of &, (see [49, Theorem 1.1]), it seems that it has O(n?) time complexity
which may be a greater computational burden depending on the application at hand.

Remark 4.2. In [48], the authors show that if (X,Y) have a bivariate Gaussian distribu-
tion, then the detection boundary for &, when & = 0 can be improved to near parametric
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rates by incorporating more “right nearest neighbors”. We would conjecture that the test in
[48] achieves O(n=1/2) detection boundary when & € (0,1) and (X,Y) are non-Gaussian.
In view of Theorem 4.1, this would imply that the test in [48] attains (near) parametric
efficiency whenever & € [0,1) (at the expense of greater computational complexity). A con-
clusive answer on this and an inspection of the relevant applications might be of independent
interest.

Appendix A: Proofs of main results

In this section, we will prove the main results in this paper. The proofs require a number
of technical results, which are proved in Sections 2 and 3 of the Appendix B.

A.1. Proofs from Section 2
A.1.1. Proof of Theorem 2.1

Part (i). As mentioned in Section 2, our proof proceeds through studying an oracle version
of &,. Observe that &, can be rewritten as

=57 Yo ’ - n (Y1) = Fn(Ya )| | s (A1)
where F), (-) is the empirical cumulative distribution function (CDF) of Y;, 1,..., Y 0.
Let F§(, )( *) denote the population CDF of Y, 1. Recall that X, 1) < ... < X,, (,,) and Y, (;

is the Y value concomitant to X, ;. The main idea is to show that we can replace F(:)

by Fi(,n)() asymptotically. In other words, we show that &, is close (with quantitative error
bounds) to & where

&n 1= ZZ’F F(n Yo ‘ - Z‘F(n) n,( 2+1 Fi(/n)(yn,(i))

(A.2)
The following theorem characterizes the asymptotic variances and the distance between &
and &,.

Theorem A.l. Suppose that Assumptions (A3) and (A4) hold. Then there is a constant
C > 0, such that forn > 1,

2
max {nVar(ﬁn — &), [nVar(&,) — 5’} <COn '+ CE(fYy) + Cy/nlognb, 1(¢ ) > 0)
where ( o )
yv— ny
1 2\ (eG54t
by i= n~ 741 (log n)? + <((’im> R (A.3)

* _R(£*
The next theorem characterizes the rate of convergence of M to normality.
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Theorem A.2. There is a constant C* > 0 such that for alln > 1 we have

(ﬁ(&i—f(éé))) . Sﬁ (O_ . 201*3>

D

g

where o}, := /Var(&}) and ® is the Wasserstein distance to normality defined in Definition
2.2 of the main paper.

We defer the proofs of these theorems to Section 2 of Appendix B, and proceed to use
these results to prove Theorem 2.1.

For any p € (0,1) we can write

Akl = K70

+fy (). (A4)

A lz) = (1=p) 7 (1) +pg(ylz), where g(y|r) =

Here f§,n) (v)=/[f )(? %/(x, y)dx is the marginal density of Y}, 1. We have

Yy
Glo)i= [ gttle)dt = L Gle) + (1= DEP Wi [ Gllons ) @)de = B ).
(A.5)
For each i € [n], let N (i) € {j € [n] : Rank(X,, ;) = Rank(X,, ;) + 1} be the unique index
Jj such that X, ; is immediately to the right of X, ; when X, ;’s are arranged in increasing

order. If there are no such indices for some i, set the corresponding N(i) = 1. To show part
(i) of Theorem 2.1 we begin by observing that E(y/n&,) can be simplified as follows.

E(vnén)
z’)\)

_ ik <1 _
3 n—1
=/nE [1 T Z(Rl + Ry — 2min{ R, RN(i)})]

=1

3

) ) + O(n_1/2)

3/2

1+ Z ( Yo < mln{Yn 1, Yy, N(I)})|X )) + O(n*1/2).
kALN(1)
(A.6)

Hence, to characterize the asymptotic behavior of E(1/n&,,), we focus on the asymptotics of
the term E (E(1(Y,x < min{Y,,1,Y, yva })\X ).
Depending on which part of fy| % contributes to the random variables

Yn1, Yo n@1), Yok, We can separate E(yv/né&,), we focus on the asymptotics of the term
E (E(1(Yy, < min{Y, 1, Y, ya)HIX (M) into the following terms.

E (EQL(Yox < min{¥, Yovn DIX™) ) = (1 =p)*To+ (1= p)*pT1 + (1= p)p*Tz + P T
(A7)
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Here
Ty = / 1(ye < min{ys, y}) A" ) £ () 157 (o) dydy duy

while the other terms are defined as

/ / ; Ly < min{y, y;}) fy (y1) fy (yx) 9(ysl25) dyrdyrdy; fx (x) dx
[ ; 1w < minfyn. 1y} - (00 ko) f (s )y () dx
] ; g < min{yr, 55D (ynlir) - () i ) dedy fix () dx

/ / ; L(yx < min{y1, y;})g(yilz1)g(yrlze) fr (y;)dyrdyrdy; fx (x) dx
/ / ; L(ye < min{ys, ys 1) ()9 (i) 9 (925 dyr dyndy; x (x) dx
] S UE) =30t < min{n, 15 o) o)l i )

Ty = / / J;k )1y < minfyy, y;i})g(yilen)g(yelen)g(yile;)dydyrdy; fx (x) dx
/ / ; Ly < min{y1, y; Hg(vilzn) fy (yk)g(yjlz5)dyr dyrdy; fx (x) dx

We can show that Tg satisfies the following.

Ty = / (g, < min{y1, y}) A7 (1) A7 (02) £ () dydyr dyi

) n 1
=P(Yyj < min{Yp 1, Vo Vi1, Yoz, Voo ~ fi) = 5 (A.8)

Let us define

%S 2
H(f.g) = / E( / g<y|Xn,1>dy) 5 (t)dt = / E(1 — G(t)X,1))2 £ (0)dt

The second, third, and fourth terms can be controlled using the following lemma which has
been proved in Section 3 of Appendix B:

Lemma A.1.

2
T1 :1+Tn7 TQ: g‘i‘H(f,g)"—Tn, T3:H(f,g)+7’n,
where |rn| S by L(E(fy (n) v) >0).

We have from (A.7) that

E (E(ﬂ(Yn,k < min{ Y1, Y v })X™ ))
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=(1=p)*To + (1 = p)*pT1 + (1 — p)p*To + p°T;

=g Pl ]+ (0= g 4 g+ ] 407 Ay

:%er(—1+1)+p2 <1—2—|—§+H(f,g)) +p? (—1+1—2—H(f,g)+H(f,g)> + 7

3 3
1, 1
(0-1) \ py
_a 1 2 (Z( +1)A?)
where |r,| < Cn~ 7+ (logn)2 + C <(ogn)) " for some constant C > 0.
n

Recall that &(f )(? %,) is the population measure of association when X ~ f )(? ), Y ~ f}(,n),
and Y|X ~ £ (ylz) = (1 - p) S () + pg(ylz). Then

G0 = [ EB(an 2 tX0) - P(Yar 2 P A7 ()t
:/ [(1 —p)*VarP(Y;,1 > t) + p*Var (1 — G(t|Xn,1))
+2p(1 — p)Cov(P(Yoy > £),1 — G(t|X1)) | £ (1)dt
= [ Var (1 - G, A7 )t

The last equality follows since P(Y,,; > t) does not depend on X, ;. By the definition,
H(f,g) = [E((1 - G(t|Xn1))?) f (t)dt. Next,

J @GP A Wi = [-FD @71 Gd = Ba-FO ) = [ = L
0
This means
o (H(0) - 3 ) =0 [Var(1- GO O =€) (A0)

Plugging (A.9) and (A.10) back into (A.6),

E(v/nén)

6n3/2 : n -1/2
= -2/t 5 (1 + k#z];(l)la (E(ll(Ymk < min{Yn 1, Y, vy HIX¢ )))) +0(n~1?)

=—2vn+

6n°/2 1 1 1
n2n—1 [3+p2 <H(f,g)—3> +3rn] +O<\/ﬁ>

= 6v/np? (H(f, g) — ;) + 18v/nry, + O <\}ﬁ)

= VRE(fTY) + O(n=2) + O(Vaba) 1(E(FTY) > 0).

This finishes the proof of part (i) of Theorem 2.1. O]



Auddy, Deb, and Nandy/On Chatterjee’s correlation coefficient 22

Part (ii). Let p and p, be the laws of W} = (&} —E¢))+/Var (&) and /n(§, —EE&,)//2/5.
By Theorem A.1, we have the upper bound

Wt tin) < Walji, ) S ™2 4 (€(83) + Vnlognba ) LE(ST) > 0),

where W, is the Wasserstein-2 distance, and W is the Wasserstein-1 distance defined in
Definition 2.1.

Now if we define !, to be the law of /n(&, — &( )((Tg/))/\/2/5, then by part (i) of the
theorem

Wyt 1) <V B — €T + W0, 1)

<2 4 () + vaogmn) 1€ > 0)

Finally notice that for the standard normal law v,

Vs — €(183)

D =Wt v) < W g, pi3,) + Wipin,, v)
2/5
=Wt 1) + D (W)
n 1/2 n B
S (6083 + v/nlognbn) T 1E(TY) > 0) 402,
where we use Theorem A.2 in the last step. O

A.2. Proofs from Section 3
A.2.1. Proof of Proposition 3.1

Let us observe that using equation (3.2), the marginal densities of X and Y under fxy,, (-,-)
are fx(-) and fy(-) respectively for any r,. Let us define,

Yy

Ixyr(t,x)
Fyx., (ylz) = ot S dt A1l
i 0le) = [ et (A1)
and observe that
T 1
) =6 | [ BxIF i, (010 (00t - 3] . (A12)
Let Fy(-) be the CDF of Y. Next, note that (A.11) implies:
t
Fypx, (t7) = (1 = 1) Fy (£) + 1 gy (@ w) 4

fx(x)

—0o0
Let gx(-) be the marginal density of X under gx y(-,-). By equation (3.2), gx(-) = fx(-).
oo
Since [ FE(t)fy(t)dt = 3, we have that
—o0

[e%¢] 1 [e') t | (X’w)
ZO Ex[F ., (H1X)] fy(t)dt:(l—rn)23+2rn(1—rn)_4 Aroex |/ P au| f ) ai
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2

o0 t
gx,y (X, w)
Mg/EX IXYA W) o fy () di
E K fx(X) Q
00 t 2
I 1, 5 / g9x,y (X, w)
=__Z E o~ 2 d t) dt.
[e%e) t 2
1 r2 gxy (X, w)
=4+ 212 E ol 2 d t) dt
3% +/ X / o0y M| 0
_1 raé(9x.y)
3 6 '
Plugging the above display in (A.12) completes the proof. O

A.2.2. Proof of Proposition 3.2
Let (X', Y, Z) 4 (X,Y, Z) where (X', Y’ Z') is independent of (X,Y,Z) and (X,Y, Z) be
drawn according the distribution defined by equation (3.9) with o = o,.
Let us observe that
E(fxyon) = =2+ 6EyEx [P(Y <Y'|X,Y")]”
— —24 6Ex/ zEx [P(Y < g(X') +0,2|X, X', 2. (A.13)

Under equation (3.9), it is easy to check that

PX(Y < g(X') 4 0,2'|X, X", Z') = ®? <Z’ + g(X/)_g(X)) : (A.14)

On

where ®(-) is the CDF of N(0,1). All the derivatives of ®?(-) are uniformly bounded. Using
this fact with a standard Taylor series expansion, we get that, for any xz, 2/, 2/, we get:

=2
*(2'+0, (g(a")—g(x))) = @2(Z)+2051@(2)¢>(2)(9($’)—g($))+% [2¢2(Z)(g(%’)—g(fr))2

+20(2)¢ (2) (9(z") - g(fv))ﬂ +0(0,°|g(a") — g(2)%), (A.15)

where ¢(-) is the density of the N (0, 1) distribution. By combining (A.13) and (A.14), we
have,

\/ﬁg(fX,Y,an) = -2+ GﬁEX/,Z/EX(I)z (Z’ + M)

=6vno,” EX,X'{Q(X) - Q(X,)}2 Ez [QSQ(Z,) * q)(Z/)gb,(Z/)] +0(Vne,?)
=6 x 2\/ﬁg;2 Var(g(X)) x 4\/1371_ + O(\/ﬁgg?’)

= (V3n/m) 0, *Var(g(X)) + O(Vno,,?).
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A.2.8. Proof of Proposition 3.3

Let us begin by observing that the joint density of (X ,Y') is given by

_ A
Ixya,(z,y) = 1 _lAz) h < — A2 ) f2 <y1—A%x) .

Let (X', Y) 4 (X,Y) where (X', Y”) is independent of (X,Y) and (X,Y) is drawn according
o (3.12) with A = A,,. Notice that

E(fxya,)/6 =By yEx [P(Y <Y'|X,Y') - P(Y <Y'[Y")]” (A.16)

Under the rotation model (3.12) for any ¢,

t

f Az, y, Ap)dy t oo

P(Y <t|X)-PY <t)=: — Az, y, Ay)dzdy  (A17)
> 1 A%
[ Az, y, An)dy oo 00

where A(z,y, An) = fi (xl__AA%y) f2 (yl__AA’:zf) =: fi(hi(@,y, An)) f2(h2(z,y, An)) . Without

loss of generality, we can assume |A,| < € where € is as specified in Assumption (A3), part
3 from Section 3.3. Next, by Taylor expansion around 0, we have

T — Ay 0? 0
fl ( AQ ) fl( ) yf{(‘r)An + <y2 ’ @fl(hl(xﬁ%g))‘e:g + 2$a(9f1(h1($,y,9))‘9:£> A721

Y= BnT) _ J(y) A 2. & b 0 22 fo(h 0 A2
f2 W —f2(y) - $JCQ(?J) nt{z7- @fz( z(m,y, ))‘925/ + y@fé( 2(1‘»@/, ))‘9:5/ n
for some &, &' € [—¢, €]. Multiplying the last two equations, we have

Az, y, An) = fi(@) fa(y) = An(af1(2) f3(y) + yfi(2) f2(y) + Abg(z,y, An),
which implies (since [z fi(z)dz = [yfa(y)dy = 0)

/ Ay, An)dy =Fo(@) Fa(t) — Anfefo(@) folt) + f1(2)T(0)] + A2 / o, , An)dy,

/ Alw,y, A)dy =fr(x) + A2 / o, y, An)dy,

t oo t oo

| [ A aisdy =R+ 8% [ [ gy dn)dody (A.18)
We define G(x,t, A,,) := f g(z,y, Ap)dy. We also observe that the marginal density of X,

say fx.a, (), satisfies the following:

o0

—00

b
1—A2

n

fxa,(z)=
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Then by (A.16), (A.17) and (A.18) we now have

o= / / n(2fi(@) fo(t) + F1(2)T (1) + Aga(a, t, An))? A fy a, ()dt

fi(z) + AZG(z, 00, Ay)

where fy a, () is the marginal density of ¥ and
g2(x, t, Ay) =G (z,t, Ay) — fi(x)Fa(t) /G(l’,t, Ay)dr — Fy(t)G(x,t, Ay)

+ A2 ()G (x, t, An)/G(x,t, Ay)de.

k
Next, let us observe that G(z,t,A,) can be written as a sum of (Nfl (u)|u|l> for k €
u

{0,1,2} and ¢ € {0, 1,2,3}. It can be checked using Assumption (A3) from Section 3.3, that
this implies [ ga(z,t, Ap)?/ fi(z)dz < 1.

We now expand the square above (and use the Cauchy-Schwarz inequality for the cross
terms) to obtain

16— a2 [ [ EA@RO + H@I0) ;
he=a [ f DI gy, 0+ 012

Moreover, the marginal fy a, (y) under the alternative can be written, by a similar Taylor
expansion, as
oo (e.9]

1
1— A2 / A(xvyaAn)dx = f2(y) +A721 /g(l’,y,An)diﬁ

—0o0 —00

Tya,(y) =

Consequently,

xfi(x (x 2
(o= ap [ [EHEROLIEIO g0, o ar-+ 0(at)
[ [ EACPBOP PP BRI 1 0+ 01

1
fi(x)
(A.19)

It is not hard to see that

22 f1(x)? 2
//defz(t)dt =(EU)E(f2(V)?) = E(f2(V)?),

/I 2 2
[ [ s pyyar ~1082w),

and finally

oo o0 [e.9] [e.9]

/ / £ () fo()] (£)d fo (t)dt = / () f2(t)dt % / 2 fl(w)ds = —E(J(V) (V).

—0o0 —O0 —00 —00
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Plugging these back into (A.19) finishes the proof. O

Next, in Appendix B, we prove the theorems as stated in Section 4 above, and state
some technical results required in the process. In Appendix C, we prove Theorems Al and
A2 from Appendix A. Finally in Appendix D, we present the proofs of the technical lemmas
used to prove the theorems in the Appendix A as well as those in Sections B and C.

Appendix B: Proofs from Section 4
B.1. Proof of Proposition 4.1

Let (X2,Y2) be generated independently of (X1, Y]) and with the same distribution. Note
that it suffices to show that

T =Ex, ), v, [P(V1 < Ya| X7, V2)J
is a strictly increasing function of |p|, r and ! in parts (1), (2) and (3) respectively.

Part (1). Clearly, by replacing X1, Y1, and Y2 by (X1 — p1)/o1, (Y1 — p2)/o2, and
(Yo — p2)/o2, J does not change. Consequently we can assume without loss of generality
u1 = p2 = 0 and o7 = o9 = 1. In the sequel, we will use ®(-) and ¢(-) to denote the
probability distribution function and the probability density function of the standard normal
distribution. With this in view, note that

7=/ <1>2< e )¢<t>¢<x> dt da
- m/w/zqﬂ(z) pT + ﬂz) r)dz dz [Put z= %}
:\/12;7'02//4)2(;:)@@ <—; <02m2+22(1— —I-QZIL‘P\/l—i)) eXP( 2) dz dx

\/1— 2 1-p? 1+ p? 2p\/1 — p?
/<I>2 exp< z= p)/exp _—i—p<x+pp> de dz

2 1 + ,02 2 A/1 + p2
1 2 1+ p?
= Var /(I)Z(z) exp <—2Zp(2)> dz [Deﬁne PO =g +Zz]
_ / (@(p02) + 9°(p02)) 0(2) = (B.1)
z>

By differentiating the above with respect to pg, we get from (B.1) that:

dpoj / 2(2®(poz) — 1)¢(poz)p(z) dz > 0,

which implies that J is a strictly increasing function of pg which in turn, is a strictly
increasing function of |p|, thereby completing the proof.

Part (2). Note that Y1,Ys “&" fy-(-) and Xy ~ fx(-) for all 7 € [0,1]. Here, Fy () and
fx (+) are probability densities, and we will write Fy () and Fx(-) to denote the correspond-
ing distribution functions. We will write gy x(-) to denote the conditional density of Y|X
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under gx,y (). Therefore,

o= [J([ - )+T9YX=x(y))dy)sz(t)fX(x)dtda:
B / B Oy (0) +2r / / ; ( / (9v1x=2 (%) — Fr (®) fx () d;U) Fr () dydt
([ )~ o)) s
—5+ [ ([ vt =) dy)2 Fi () (a) de do,

which is clearly a strictly increasing function of r.

Part (3). We write Yo = g(X2)+0Zs, Zo ~ N(0,1). Further, let ﬁx(')i)e the probability
distribution function of the random variable g(X2)—g(X1). Observe that Fx () is symmetric
around 0, in the sense that Fx(t) = 1 — Fx(—t) for all ¢. By simple computations, we then

have:
7 = E®? <22 n 9(X2) — g(X1)>
o

_ /Z/xqﬂ (z+§) é(2) dz dFx (z)

Let us define o¢ := 0! and take derivative of J with respect to o, to get:

Ly / / ®(z + oox)d(2 + oox)d(2)z dz dFx (z)

doyo

=2 /z /x>0 2)(xd(z — oox) — 2d(z + ogx)) dz dFx ()
_9 / / (@(2) — B(—2))p(2)2(d(z — 007) — (= + 00z)) dz dFx (). (B.2)
>0 Jx>0

Note that for z > 0, we have
D(z) > P(—=2)

and for x,z > 0, we have:
1 2.2
¢(z — opz) — ¢(2 + opx) = exp 3 (2% + o32?) | (exp(o2x) — exp(—apzz)) > 0.
Combining the two observations above, with (B.2), we get:

%j>0

which implies J is a strictly increasing function of oy and consequently a strictly decreasing
function of o.
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B.2. Proof of Theorem 4.1

Part (i). Consider (X{,Y{),...,(X],Y.) i )((n%, Let £ be Chatterjee’s correlation coef-

ficient defined with (X, Y;) replaced by (X/,Y/). By the same argument as in [15, Lemma

PR

9.11], |, — €] < 6n~!. We apply the bounded differences inequality [51] to get:

P60 — Bl > 1) < 2exp (7}’;) |

Also by Theorem 2.1, there exists Ny depending only on I' = (C, 7, 0, v) from Assumptions
(A1) and (A2) in the main paper, such that

N =

ValES, — £(F83)] <
for all n > Ny. Define K := 1+ 54/log (2/«). Combining the two displays above, under Hy,

we get:
Pro (Vlén — &o| = K) < Py, (Vnlén — Enyén| > 51/log (2/a)) < a
for all n > Ny.
Next note that, by the triangle inequality, for all f)(? %, €cH

loc

Un(cn; '), we have:

\/ﬁ|§n - §0| > \/ﬁcn - \/ﬁfﬁn - EHl,n£n| - \/H’EHl,ngn - £0|

As \/nc, — oo and the other two terms are O,(1) and O(1) from the preceding displays,
we have
B%(Hlﬁ;(cn;l“)) —1 as n — oo.
Part (ii). The proof of this result will use Le Cam’s two-point method; see [64, Chapter
2]. Towards this direction, let fxy(-,-) be a joint distribution on R?, with marginals fy(-)
and fy(-) such that the following conditions hold:

e {(fxy) = o
e fxy(:,-) satisfies Assumptions (Al) and (A2) in the main paper with paramers
C,n,0,v given in the problem statement.
e fxy(:,-)is compactly supported on [—1, 1]? and is uniformly upper and lower bounded
on [—1,1]2.
This can be easily ensured by choosing fx y (-, -) to be a truncated bivariate Gaussian with
appropriate parameters depending on C, 7,0, v. Fix {r,}»>1 and define

PO G = (L= ) fxy () + rafx () fr (),

where r,, € (0,1). Note that f)(?%, also satisfies Assumptions (A1) and (A2) with the same
parameters. It then suffices to show the following:

(1). For all n large enough and some ¢; > 0, we have ‘f( )((n%,) - fo‘ > C1rp.

(2). For all n large enough and some co > 0, we have KL( On f)(?%,H On fX’y) < conr2.

Here K L(pl||q) denotes the Kullback-Leibler divergence between probability measures
p and ¢, and ®,, denotes the n-fold product measure.
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Proof of 1. Let F}(,T;(HX ) and Fy|x(-|X) denote the conditional distribution functions

of Y| X under f)(g %/ and fxy respectively. Also, let Fy (-) be the distribution function of Y.
Then the following holds:

(F5Y) (B.3)

—6 / E[FC (10 fr (8) dt — 2

oy / E[Fyx (HX) + r(Fy (£) — Fyx (X)) fy (£) dt — 2

=&+ 2rn/ (E[Fy (1)) — E[Fyx (¢1X)]?) fy(t) dt +7’%/E (Fy (t) = Fy x (¢1X))* fy (t) dt.

-~ -~

D E

(B.4)
Note that, by the conditional version of Jensen’s inequality
E[Fy (t)]* <E[Fyx(|X)]*  forallt €R.

As & > 0, this implies X and Y are not independent (see [15, Theorem 1.1]) and conse-
quently, the above display implies D < 0. For the same reason F > 0. By replacing r,, by
cry, for a small constant c if necessary, we can ensure

Ty < @
n = E .
Combining the above display with (B.3), we get
€(FE)) — €0l = 27| D| = r2E > | DI.
This proves 1.

Proof of 2. As KL(®,p||®nq) = nKL(p||q), it suffices to show that KL(f)(:%/HfX,Y) <r2
Towards this direction, note that

KL(/{y N fxy)
fxy (@ y) + ra(fx (@) fy (y) — fxy(@,9))

= / [fxy(z,y) +ra(fx () fy(y) — fxy(z,y))]log ey (@) dz dy
D [ U ) +ralx @) () = Feor (@) ( fX(x)f;ffi - ﬁ;‘/(x’y)) L ow)

< 627“1217

where (a) follows from a Taylor Series expansion and cp depends on the parameters of
fx,v(,-). This proves 2.

Appendix C: Proofs of Theorems A.1 and A.2
C.1. Proof of Theorem A.1

We consider a triangular array (Xp1,Yn1),..., (Xnn, Ynn) from a bivariate density
)(?%/(, -). We shall show that

max {

nVar (&,) — =

)

2
avar (6) - &

nCov(éh &)~ 3|}
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< (n) )+ /nlognb,l(§ fXY > 0) (C.1)

(log n)? > (3677 3s)

for b, := n_#(logn)2 + ( -

By the standard Glivenko-Cantelli Theorem, we know that F,(-) and F)(/n)(-) are “close”
almost surely in the L* norm. This motivates the definition of an oracle version of &, (see
Section 2 in the main paper) as follows:

% 37'1, 1 n n n n
6= g | o 2o |BY ) - B () - ‘F( Vi) = B (Vo )
i#£j
(C.2)

Intuitively, of course, £ is mathematically more tractable than &, as it replaces the random
function F), () by the deterministic function F}(,n)()

Let N(i) € {j € [n] : Rank(X,, ;) = Rank(X, ;) + 1} be the unique index j such that
Xp,j is 1mmed1ately to the right of X,,; when X, ;’s are arranged in increasing order. If
there are no such indices for some i, set the corresponding N (i) = 1. Let us define

Py

& = | o min B (%), B (Y v)) — - 30 S min{ (¥, B (Vi)
i=1

i#]

Here and in the rest of the supplement, we remove the subscript n in R, ; and write R; for
notational convenience.

Since {R;} and {Ry(;} form two permutations of [n], we have that ) R; = ) Ry¢) =
n(n —1)/2. Then using the simple identity |a — b| = a + b — 2min{a, b}, one can check that
nE(EE — €72 <n~' and nE(, — €)% <n L.

~

Therefore it suffices to prove (C.1) with &, and & instead of &, and & respectively. Define
X .= (Xn1,--.,Xnn). Conditioning on X (™ we have

Var (&) = E(Var (&/|X™)) + Var (E(¢/|X™)),  Var (¢,) = E(Var (¢,[X™)) + Var (E(¢,[X™))
Cov (&, &) = E(Cov(&r, &1X™))+Cov(E(&,|X™), B(&)[X™).
We now decompose each of the six terms on the right hand side, starting with the three

expectation of covariance terms. To analyze the first term, that is, E(Var (€7|X ™)), let us
introduce the following notations.

]- . n n n
= ZVar(mm{Fl(/ )(Ym), Fi(/ )(Yn,N(i))}‘X( ))

1 . n n . n n n
== >~ Covmin{ By (V). By (Vv b min{ By (Vi wio)s By (Vv H1X™)
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% 1 . n n . n n n
T3 i=—5 3 > > Covlmin{ A (Ya), By (Yug) b min{ By (Vi), By (V)X ™)
(',j 1) distinct
Tii=y SO0 Covlmin{ A (Vi) B ()} min{ 2 (Yo, B (¥ ) HX™)
( 1,5,N (7)) distinct
T =—s >3 Covlmin{F" (Y ne) By (Yay) b mind By (Y)Y (Vv X))
(,j,N (7)) distinct
Ty = 3ZZZZCOV min{ F" (Vo.0), B (V) 3, min{ F (V1) FE (V) X )
(4,7,k,l) distinct
T} = LTSNS Covmin{ B (Vo) P (Vo) b mind FE (Vo) ) (V) HX )
( i,j,k,N(k)) distinct
7=y YOS Y Covlmin B (o), B (Vo) min B (V)
( ,7,N(2),N(j)) distinct
E (Y ) HX™) (C.4)
Let us define
T} ina := the value of T} when X, Y are independent , (C.5)
and the corresponding deviation terms:
Qj =15 — Tjina: (C.6)

Through an explicit calculation of the Tj;,q’s, it follows that

1 1
T* - * T* - *
1= 15 +Q1, T3 15 + Q3,

1 1

£+Q;7 Tg:07
TF =0, TF=0,

&3

where the last three equations follow once again by the fact that conditional on X the
random variables Y, 1,...,Y, , are independent. Now, we observe that

n2 -1 2
(7)Var(§,*l’|X(”)) =Ty +2T5 +AT5 — ATy — ATy + T — 2T5 + Tg + O(n™1). (C.7)

36n3

Hence, to bound the absolute value of (n? o 13) Var(¢|X (™), we need to bound the Q7s. To

bound the @}’s stochastically, we shall use the following lemma, which is proved in Ap-

pendix D.1.

Lemma C.1. max{E|Q%|,..., E|Q:]} < n~! + f(f v) + b ﬂ(ﬁ(f)(g%/) > 0).

Using Lemma C.1, adding the equations in (C.4) and taking expectation over XM we
have

nEVar (£/|X™) —
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:3mmff+ﬂ§+4ﬂp—ﬂf—4ﬂrﬁm—aTﬁ+mj—%-+Om*)
=36 [E(QF +2Q5 +4Q3 — 4Q5 —4Q3)| + O(n™")
S E(EY) + b LE(EY) > 0). (C.8)

Moving on to E(Var (£/]X(™)) we notice that

NE

min{RiuRN(i)} = ]l(Ynk < mln{Yn z;YnN z)} =1+ Z Yor < mln{Yn ir» Yn N (i )})

1 k#1,N(2)

e
Il

Let us now define the following notation.

n—1
Ty := (71272\7&1‘ (min{ Ry, Ry |X(" b
=P(Y,1 <min{Y,3,Y,4},Y, 2 <min{Y¥, 3, Y, 4})
_]P)( n,l < mln{Yn3; n4}) ( n,2 < IIllIl{Yng, n4}) +Q1
Ty 1—(7127 ZCOV min{ R;, Ry ;) }, min{ Ry N(i))}|X(n))
:P(Yn,l < mln{Yn,Sa n,4}7Yn,2 < m1n{Yn74, n,5})
_P(Yi < min{¥, a)P(Ys < min{Yi, Y3}) + Qs
1
— C.10
15 + Q27 ( )
T3 = _ 1 (m2 —1)2 ZZ Z COV nl < mln{Yn i» Yn N (i )})7 ]l(Yn,l < mln{YmWY”,N(J)})‘X(n))
iogFL lF#Lg,
N(i),N(5)
:P(Ynl < mln{Yn 2, n3} Ynl < min{Yn4a n5})
- ]P)(Yn 1 < IIllIl{Yn 25 n5}) ( n,1 < HllIl{Yn 4, nS}) + QS
4
_ C.11
==t Qs3, (C.11)
Ty = n2_12zz Z COV YnJSmln{anYnN }) (Ynl<m1n{YnJ’YnNJ)})|X )
i g#il#GN
=P(Yy1 < min{Y;, 2, n3} Yia <min{Yy 1, Yn5})
- ]P)(Yn 1 < HllIl{Yn 25 nB}) ( n,4 < HllIl{Yn 1, n5}) + Qq,
2
= — C.12
i Q4. (C.12)
n
Ty =———
5 (n2 —1)2

XZZZZ(W (Yoo < min{Yo, Yy n(iy})s 1(¥ny < min{Yy, 5, ¥, vy HIX™)

1,7, k,l,N(z) N(]) dlstlnct
=0, (C.13)
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where @;’s are defined in a way similar to (C.5)-(C.6). More explicitly, let
Tjina be the value of T; when X, Y are independent. (C.14)

and
Qj :=T; —T}ina- (C.15)
When conditioned on X (™), the variables N(1),..., N(n) are measurable. Using this obser-

vation, some straightforward but tedious calculation then yields

% Var (&£,[X™) = Ty + 2T + Ts + 4Ty + T5 + O(n™Y).

We have (C.13) because, conditioned on X (™) the random variables Yoi,..., Y, are in-
dependent. To bound the @;’s stochastically, we shall use the following lemma, which is
proved in Appendix D.2.

Lemma C.2. max{E|Q1], E|Q:|, E|Qs|, EIQa|} S n~" +&(f{)) +bal(E(SY}) > 0).

Using Lemma C.2, adding equations (C.9)-(C.13) and taking expectation over X we
have

2 2
nEVar (& |X™) — 5’ :’36E(T1 + 2Ty + T3 + 4Ty + T5) — = | + O(n™ 1)

5!
—36|E(Q, + 2622 +Q3+4Q4)|+0(n ™)
< E(FE)) +bal(E(SYY) > 0). (C.16)
Similarly, we can also prove
E(Cov(E, 61X ) - 2| S0 4 U + a2 0. (Can)

We now move on to the ‘variance of expectation’ terms. We begin with the following lemma
which is proved in Appendix D.3.

Lemma C.3. Suppose f)(g%,(,) satisfies Assumptions (A1) and (A2) in the main paper.
Then,

max{Var(E[v/n&, |X™]), Var(E[vne XM} < n ' +£(£8) +v/nlog nb, 1(£(£1) > 0).
By the Cauchy-Schwarz inequality, the same wupper bound holds for

Cov(E(£,|X ™), E(¢|X™)). Putting together equations (C.16), (C.8), (C.17), Lemma C.3
and finally (C.3), the proof of (C.1) is complete. O

C.2. Proof of Theorem A.2

Recall that X(™ = (X,,1,..., Xpn,). Also, recall that N(i) = {j € [n] : Rank(X,,;) =
Rank(X, ;) + 1} is the unique index j such that X, ; is immediately to the right of X, ;



Auddy, Deb, and Nandy/On Chatterjee’s correlation coefficient 34

when the X, ;’s are arranged in increasing order. If there are no such indices for some i, set
the corresponding N (i) = 1. We shall use the oracle statistic & defined as

Gi=r s | 2 S R ) = B )| = SR ) = B )|
1#]

:71(77,3—1)2 Z‘Fi(/n)(Y”’i) — Fl(/n)(an )‘ _ %Z)Fl(/n)(ynﬂ) . Fi(/n)(yn,N(i))‘ + O(nil).

i#] i=1
(C.18)
By the U-statistic projection theorem (see Theorem 12.3 of [65]),

1 n n n n
Vit |y 3o {1 () = B ()] = B (Vi) = B (0,1

2) <4

2 n
=N " (Y, —1/2 1

7 ; (Yoi) +O(n=7%) (C.19)

where h(y) := E\FX(,TL) (y) — U| — E|U;y — Uy| with U, Uy, Uz being i.i.d Uniform (0, 1) random
variables. Combining equations (C.18) and (C.19) we have

V(& —EE)
3\ (n) (n) (n) (n) _
=n ; {2h(Yn,i) — [Fy" (Yni) = By (Yo n()| + E[Fy 7 (Vi) — Fy (Yn,N(i))\} +0(n™'?)
- Sn + O(nil/Q)v (020)

where
3 - n n n n
Sn=Tm {200V0) =1 (Y ) = B (Yo )| HEL ) (V) = B (Vo i) - (C221)
=1

In the rest of the proof, we will study the asymptotic distribution of S,. Let us define

W, := S, /+/Var (S,) and W} := /n(& —EE)/+/Var (). Using the standard properties
of the Wasserstein-1 distance (same as the Kantorovic-Wasserstein distance in Definition
1.1 of the main paper) and (C.20) we get

DW) < D(W,,) + Cn~ Y2, (C.22)
Now we proceed to bound ©(W,,). Let us define
M = {<XTZ717 Yn,l)? T (XTZJHYH,R)} and M’ := {( 7/1,17 ri,l)ﬂ T (lez,lv leb,n)}v

where M and M’ are independent and identically distributed. Let

Mi ::{(Xn,h Yn,l): T (X;w-, Yri,i)? T, (Xn,n; Yn,n)}

and M” ::{(Xn,lvyn,l)v Tty (X;L7z'a ri,i)7 Ty (X;LJ’ Y/ )7 Tty (Xn,TL?Yn,n)}'

n7j
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Let us define Wy : (R?)" — R as,

Wel(z1,91)s - (@0, yn)) = 3 20(e) — |FE () — B (o)) + EIFS (ye) — F@(y}(m)u).
C.23

By graphical rule on a measure space X" we mean a mapping from X" to the space of
undirected graphs on n vertices. For £ € X", the graphical rule at & will be denoted by
G (). Such graphical rules will be called symmetric if for any permutation 7 on [n], the edges
in G(wy1), -, Gr(ny) Will precisely be {(7 (), 7(5)) : (i,7) € E(G(x))}. This definition is in
line with Section 2.3 of [14]. As defined in Section 2.3 of [14], we also consider the definition
of a vector € X™ being embedded in a vector y € X™ for m > n. For a function f defined
on X", we shall call indices the i and j non interacting with respect to the triplet (f,x, ')
if

f(z) = f(@)) = f(=') — f(z"),

where
i x, ifk #1,

e ifk=4,
and

Ty = ;. ..
xy if ke {i,j}.

A graphical rule is called an interaction rule for a function f if the edge (i,j) is absent in
all of G(z), G(x'), G(x’) and G(x¥) implies the pair (4,5) is non-interacting with respect
to the triplet (f,z, ).

Now let us consider the measure space X = R?. For € X", let us define the following
distance of {1,--- ,n}.

Dol i n+ 20 i > C.24
m(%])'_ #{f:xi<1’g<l’j} ifxiﬁxj' ( )

Given a configuration © € X", let us define a graph G(x) on [n] as follows. For a pair {i,j},
there exist an edge between ¢ and j if there exists an ¢ € [n] such that,

Dy(¢,i) <2 and Dg(¢,j) <2.

Note that this graphical rule is a symmetric rule. The next lemma shows that this is an
interaction rule for the function W, for all 1 < ¢ < n, and has been proved in Appendix D.4.

Lemma C.4. Consider the graphical rule G(x) for € (R?)", as defined above. For any
pair of vertices i, j if there exists no edge {i,7} in G(x),G(x*),G(x?) and G(x¥), then for
all 1 < ¢ < n, we have,

Wi(z) — We(a') — We(a’) + Wi(z") = 0,
where Wy is defined in (C.23).

By Lemma C.4, G is a symmetric graphical interaction rule. Let us define

Aj = Sn(M) - Sn(M])a
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where S, is defined in (C.21), and S,,(M) is S,, computed with dataset M. Let us define

M :=max|Aj|.
J

Since F}(,n) (y) <1 for all y, we have a constant C' > 0 such that for all j € [n],

C C
Al < — d M<—. C.25
| J’ — \/ﬁ an — \/ﬁ ( )
Let us now construct a new graph G'(M) on vertices {1,--- ,n+4} as follows. There exists

an edge between the vertices i and j if and only if there exists an ¢ € [n + 4] such that,

Clearly all the edges of G(M) are in G'(M), meaning that G(M) is embedded in G'(M).
Moreover, G'(M) is a symmetric graphical rule. The degree of any vertex in G'(M) is
bounded by 14 as if there exists an £ € [n] such that,

DM(&Z) <2 and DM(&]) <2,
then i — 7 < j <i+4 7. Hence, almost surely
0 := 1+ degree of vertex 1 in G’ < 15. (C.26)

Now, using Theorem 2.5 of [14], we have an absolute constant C; > 0 such that

Clnl/Q
<

D(Wh)

*2
Op

1 n
E(M®)E@Y Y + 55 D EIAP, (C.27)

where,
1 n
*2 E
0, = var | — W[ (M) 5
(ﬁ (=1

and Wy(M) is the function W, computed with the dataset M. The proof of Theorem A.2
is now completed by plugging in the bounds from (C.20), (C.25), and (C.26), into (C.22).

O

Appendix D: Proofs of Lemmas
D.1. Proof of Lemma C.1

To reduce notation, hide the dependence on n and write fxy(-,-), fx(-), fy(-) and
Fy(-) to mean f)((n%,(-,-), f)(?)('), 1(,71) and Fl(/n)() respectively. We will also write
(X1, Y1),...,(X,,Y,) to mean the random variables (X 1,Yn1), ..., (Xnn, Yon) ~ )(?%/
from the triangular array.

We defer the steps for T} to the proof of Lemma C.2 and start with the possibly more
complicated term T75. Observe that for any 1, 7,

win{F(Y), F()} = [ 10y < min{¥5, ;) Ay () dy. (D.1)
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Using (D.1) in the definition of 75 and writing @5, and Q%) for terms to be bounded at the
end of the proof, we get:

B3 =13 8 [ 1000 < min(yn, 120105 < minfu,u5)) r 00) ) X0
) Fyix Wl Xnv) frix (Ws| X vviay)) dyr dye dys dya dys
—ji}/m%smm%mmmﬁmmmWMﬁ@mwwnx@w»
Ty ix W2l Xnvey) frix (sl Xvey) frix (al Xvviy)) dyr dy2 dys dya dys dys
= Qi+ LB [ 100 min{yn, )10 < mingo,us)) ) 05) (X0
- Ty ix (2l Xa) fyx (Y| Xs) dyr dy2 dys dya dys
- :LZ";E/ 1(ys < min{y1,y2})1(ys < min{ys, ya}) fy (ys) fy (ve) fyix (1] Xs)

Ty ix (2l Xa) fyx (Y1 Xa) fy x (yal Xi) dyr dy2 dys dya dys dys
= Q51 + Q2 + P(Ys < min{Y1, Y2}, Y5 < min{Y, Y3})
— P(Y5 S min{Yl, Y2}>P(Y6 S mil’l{Yg, Y4})
— Qb+ Qe (D.2)
In terms of the notation used in the proof of Theorem 2.1 in the main paper, Q5 = Q3 +Q@3,.
We now move on to the error terms (3, and @3,.

Bound for 3,. Note that by our definition of ()1, one has
Q21

= iZE/ 1(ys < min{y1, y2})L(ys < min{ys, ys}) fy (ya) fv (vs) fyx (1] Xi)
i=1

Fyix (W2l Xvey) frix (sl Xvviy)) dyr dy2 dys dya dys
- % zn:E/ 1(ys < min{y1,y2})1(ye < min{ys, ya})fy (ys) [y (v6) fyx (y1]Xi)
=1
Fyix Wl X neay) frix sl X vy) frix (al X v ayy) dva dye dys dya dys dye
- % zn:E/ 1(ys < min{y1, y2})1(ys < min{ys, ys}) fy (ya) fy (y5) frr|x (411 X5)
=1
Fyix (W2l X3) fyx (3| Xi) dyr dy2 dys dya dys

+ % ;E/ L(ys < min{y1,y2})1(ye < min{ys, ya}) fy (ys) fy (ve) fr|x (v1]X:)
fyix (W2l Xi) fy1x (Y1 Xa) fy | x (yal Xi) dyr dy2 dys dya dys dys

1 n
S nZE/ IP(Y > max{ys, ys}| X;) — P(Y > max{ya, ys }| X)) | fy (va) fy (y5) dya dys
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1 n
+- ZE/ IP(Y > y5X;) —P(Y > ys| Xnvay) | fy (us) dys
=1

0SB [ PO 2 051X0) — PO 2 ysl X 0s) s+ O(0 7). (D3)
=1

Let us now focus on the first term on the right hand side of (D.3). Towards this direction,
by using Assumption (A1), (2.2) from the main paper, we further get:

E/ IP(Y > max{ys, ys} X1) — P(Y > max{ys, ys } Xn1)) | fy (a) fy (ys) dya dys
< E [min {(1 + L1 (X1, max{Yy, Y5}) + Lo(X (1), max{Yy, Y5 }))| X1 — Xy(1)|", 1}]
SP(X: = Xyl = 1)+ {E (14 (La(X1, max{Ya, Y51)° + (La(X1, max{a, ¥}1)" ) }”

-1

4

o
{E!Xl ~ Xyl FTL( X1 - Xyl < 1)} : (D.4)

where the last two lines follow from Assumption (A1), (2.2) in the main paper and Holder’s
inequality. Now we will bound each term on the right hand side of (D.4) separately. First
note that,

lim sup E(L™ (X1, max{V3, Y5 }))? < 2limsup E(L{ (X1, V1))? < 1, (D.5)

n—oo n—oo
where the last line follows from Assumption (A2), (2.3) in the main paper. Next, on using [15,

Lemma 9.4] and (D.5), it further follows that,

lim sup E(L{™ (X (1), max{Ya, ¥5}))% S 1. (D.6)

n—oo

Using Lemma D.4, we then get:

0—1 0—1
_on_ 6 _On_ 0
{]E|X1 — XN L[ X1 — Xy | < 1)} "< {E|X1 — Xyl L(1X — Xyl < 1)} ’
(0—=1) » nv
< ((log n)2> (36737 51) . (D7)
n

Plugging in the conclusions from (D.5), (D.6), and (D.7) into (D.4), we get that the first
term on the right hand side of (D.3) satisfies,

PSR [ PO 2 max{ya s} )~ PO 2 max{ya, ) X)L Ay (00 05) d
=1

2 (371 50)
(logn)> A (D.8)

< n_#(logn)2 + (
n

By using a similar argument as above, we get the same bound for the other two terms on
the right hand side of (D.3), which implies,

Q51| < bn.
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Also, from (D.3), provided X; and Y; are independent, i.e., &( )((n %,) = 0, we also have
RM = O(n~1). Therefore,

Q511 < baL(E(FTS) > 0) + 0L, (D.9)

Bound for Q3,. We have

Q5= > E [ 1un < minfyn,v2})2us < mindun. o))y (00)f () e X0
=1
Fyix (W2l Xa) fyx (y3| Xi) dyr dy2 dys dya dys
- ;;E/ 1(ys < min{y1,y2})1(ys < min{ys, ya}) fy (ys) fy (ye) frx (v1]Xi)

Fyix (W2l Xa) fy 1 x (Y31 Xi) fy x (yal Xi) dyr dya dys dya dys dys

—P(Yy < min{Yy,Ys}, Y5 < min{Ys,Y3}) + P(Y5 < min{Y7, Y2})P(Ys < min{Y3, Y3}).
Then it can be checked that
|Q52] < [S1] + 2|S2| + S| + 2|S4| + [S5] + 4]Se| + 2|S7| + 4[Ss| + 4[Sg| + [S10],  (D.10)

where

S1:= E/ 1(ys < min{y1, y2}) L(ys < min{ya, ys}) fy (ya) fv (ys) fy (1)
(fyix (21 X1) — fy (y2)) fy (y3) dy1 dya dyz dys dys

S 1= E/ 1(ya < min{y1,y2})1(ys < min{ys, ys}) fy (y4) fv (vs) (fyx (v11 X1) — fv (y1))
Jy (2) fy (y3) dyr dyz dys dys dys

Sz 1= E/ L(ys < min{y1,y2})1(ys < min{ye, ys}) fy (ya) fy (y5) (fyx (W1l X1) — fr (1))
fy (y2) (fyx (y31 X1) — fy (y3)) dyr dya dys dya dys

S1=E [ 10 < min{yn, 2))Los < min{ye, o)) f () fy (). ()
(fyix (w2l X1) = fy (y2)) (fyx (Y3l X1) — fy (y3)) dyr dy2 dys dya dys

Ss = E/ 1(ys < min{y1, y2})1(ys < min{ys, y3}) fy (ya) fy (ws) (fxy (921 X1) = fv (y1))
(fyix (21 X1) — fr(v2)) (fy x (ys| X1) — fy (y3)) dy1 dy2 dys dya dys

Se 1= E/ 1(ys < min{y1,y2})1(ye < min{ys, ya}) fy (ys) fy (ve) (fyx W1l X1) — fr(y1))
Ty (y2) fy (y3) fy (ya) dyr dys dys dya dys dys

S7 1= E/ 1(ys < min{y1,y2})L(ys < min{ys, ya}) fy (ys) fy (ve) (fyx (v11X1) — fv (y1))

(fy1x (W2l X1) — fy (y2)) fy (y3) fy (ya) dyr dy2 dys dys dys dys
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Sg = E/ L(ys < min{y1,y2})1(ye < min{ys, ya}) fy (ys) fy (ve) (fyx (W1l X1) — fy(y1))
Fy (v2) (fyx (Y31 X1) — fv (y3)) fy (ya) dyr dya dys dys dys dys
Sy = E/ 1(ys < min{y1,y2})L(ys < min{ys, ya}) fy (ys) fv (ve) (fyx (v11X1) — fv (y1))
(fyix (2l X1) — fr(v2)) (fy x (ys| X1) — fy (y3)) fy (y4) dyr dy2 dys dya dys dys
Sio = E/ 1(ys < min{y1,y2})1(ye < min{ys, ya}) fy (ys)fy (ve) (fyx (W1l X1) — fr(y1))
(fyix (21 Xa) — fy (v2) (fyx (ys| X1) — fr (y3)) (fyx (yal X1) — fy(ya)) dyr dyz ... dys

Now we will bound each of the S;’s individually. We start with S;. Observe that
S = / L(ys < min{yy,y2})1(ys < min{y, ys}) fy (ya) fy (ys) fy (y1) X

x ( [ aixa =) - i) dx) Fy (ys) dys dya dys dyadys =0 (D.11)

A similar calculation shows that Sy = 0. We now look at S3. Note that,

5=k [ ( /yzl(w>ma><{y4,y5})fy(y2)dyz) ( /ylu<y1>y4><fm<ylrxl>

Y4,Ys5

() dy1> ( [ 1= ) i (0l X0) = () dy3> Py () fy-(ys) dya dys

Y3

=E / (P(Y = max{ys,ys})) (P(Y = ya|X1) = P(Y = ya)) (P(Y = y5|X1) — P(Y > ys5))

Ty (y4) fy (ys) dya dys

2
<E [/ IP(Y > ya|lX1) = P(Y > ya) | fy (ya) dy4]
Ya

<E [ B 2 plX0) ~ BOY 2 90)* i () dys = GG (D.12)

where the last step uses the Cauchy-Schwarz inequality. In order to bound Sy, let us start
with:

sie [ ( /y211<y2Zmax{m,%})(fm(mrxn—fy<y2>>dy2) ( /yluylzynfx/(yl)dyl)

Y4,Ys

(/ 1(ys > y5)(fyx (ys|X1) — fr(y3)) dy3> fy (ya) fy (ys) dya dys

Y3

[ (B 2 max{ya, ) X0) — POV 2 max{ys, ) (B 2 3s/X) = PV 2 )
Ya,Y5
(P(Y > ya)) fv (ya) fy (ys) dya dys

5 [ [ @ 2 X0 - P2 00) (B 2 lX0) - P 2 90) (P 2 1)
Y4 y5<ya

fy (ya) fy (y5) dys dya
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+E / / (BY > 45 X1) — BV > y5))? (B(Y > ya)) fy (va) fy (us) ds dya
Y4 Y5>Y4
2
<E [ IP(Y > ya| X1) = P(Y > ya)| fv (ya) dy4} + E/ (P(Y > yalX1) = P(Y > wa))” fy (y4) dya
Ya

1

< SEUE) + ) = 2. (D.13)

For S5, we observe that
Ss=E [ (BY 2 alX) B 2 ) (BY 2 ys}X0) ~ P 2 35)

Y4,Y5
1(y2 > max{ys, y5})(fyx (v2|X1) — fy(y2)) dyzfy(y4)fy(y5) dyy dys

< 9E / (B > yalX2) — BV > ya)? fy () s = 36(75)) (D.14)

A similar set of calculations can be used to show that max;>¢ |S;| S £(f )((n %,) Combining the

above observation with (D.11), (D.12), (D.13) and (D.14), we get max;>1 |Si| < §(f)(?%,)
Applying this observation in (D.10), we further have:

Q5] £ YIS S €1

i>1

Combining the above display with (D.9) and (D.2) we finally obtain,

* n n 1
'M - ' Q31+ Q@32 S ba(E(SYY) > 0) + EUXY) + (D.15)
A similar set of computations can be used in ET}, i = 1,3,4,5. We skip the relevant

algebraic details for brevity. We present the corresponding conclusions below:

1 1

1
* _ _ _ < -1 (n)
max{‘ETl ik , |ETS L 'ET4 45‘ ET; - } n +£(f v )+bn Il(ﬁ(ny) > 0)
(D.16)
By the definition of Q] for ¢ = 1,...,5 this completes the proof of Lemma C.1. O

D.2. Proof of Lemma C.2

The proof is similar to that of Lemma C.1. We decompose the first term 77. Notice that
T} from Lemma C.1 is very similar and can be analysed similarly. To reduce notation,
we will hide the dependence on n and write fxy(-,-), fx(:), fy(-) and Fy(-) to mean

)((T%/(,)a f)((n)('), x(/n)() and F}(,")() respectively. We will write (X1,Y1),...,(Xn,Ys) to

mean the random variables (X, 1,Yn1),.. ., (Xnn, Yan) ~ f)(?%/ from the triangular array.
Also we will use Y and X for the set of random variables (Y1,...,Y,) and (X1,...,X,)
respectively.

ETy

= ﬁZEVar (min{ R;, Ry(;)|X})
=1
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2
= /QZ min{R;, Ry(;)})* fyx (v)dy — CEEE ZE {/mln{RuRN()}fwx( )dy]
=1

(n? (n?

:E/ [( 72 Z min{ R;, Ry} ] () + Fyix(y) = fx(¥)}dy

=1

2
e S [ min{s R} (e )+ ()~ Fe )}y |
2

+ Q11+ Q12

_n?il?nz_:lE [/ min{R;, Ry ; }) fy(y)dy — (/mln{Rz;RN iy (y )dY>2

QZ > EVar (1(Y; < min{Y;, Yy }))

i=1 k=i, N(7)

(CEEE Z > ) ECov(1(Ye, < min{Y;, Yy 1), 1(Ve, < min{Y;, Yy })) + Qu + Quz

i=1 k1#£ka
ky,ko#i, N (i)

=P(Y1 < min{Y3,Ys}, Y2 <min{Y3, Ya}) — P(Y1 < min{Y3, Y, })P(Y2 < min{Y3,Ys})
+0(n™ 1) 4+ Q11 + Q12

TL

=533 + Q11+ Q12+ 0(nh)
1i8 + Q1+ Q12 +0(n™). (D.17)

In terms of the notation used in the proof of Theorem 2.1 in the main paper, Q1 =

Q11 + Q12.
Bounding Q1:. Since min{R;, Ry} =1+ Z 1(Yy <Y;, Yng)), we have
k+#4,N(7)

n—1

Q11 12/ [(ngi“ Z(min{Ri,RN(i)})2] (fyx(y) — fr(y))dy

n2_12ZZZ J 180 < 55 A o) Lo < 1 A wva)] Urix(3) = ()

i=1 ki#ko
+0(n™)
4 4
:/]1(% < min{ys, y4})1(y2 < min{ys, ya}) (H fyx (il Xi) — HfY(?h’)) dyrdyzdysdya
i=1 =1
+0(n™h). (D.18)

The difference of product pdfs can be written out as in the expansion of
a* — bt = a®(a — b) + a®b(a — b) + ab*(a — b) + b*(a — b).

For example, term 1 (corresponding to a3(a — b)) will be

E/ L(y1, y2 < min{ys, ya}) fyx (11 X1) fyx (021 X2) fyx (31 X3) (fyix (al Xnes)) — fr(va)) dy
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=Q11 + E/ L(y1,y2 < min{ys, ya}) fyx (1] X1) fyx (2l X2) fy x (31 X3) (fyix (valX3) = fy (ya)) dy

= Q4 +E [ 1un. 32 < min{un. g1} i [ X0) (el )
(fyix (3l X3) — fy (13) (fyix (WalX3) — fy (ya)) dy

+ E/ L(y1,y2 < min{ys, ya}) fyx (1] X1) fyix (2l X2) fr (y3) (fyix (val X3) = fy (ya)) dy

= Q4+ [ 1on. g2 < min{un. g1} i X0) (0l )
(fyix (sl Xs) — fy (y3) (fy|x (vl X3) — fy(ya)) dy + 0

0 2
<Qpy + / ( / [ / <fY|X<y3\X3>—f<y3>>dy3] f(xs)dx3> Fy (92) fy (42)dyr dyo
Y

1Vy2
< Qly +6E(FL)). (D.19)

The last expectation term on the third line above is zero by independence of X; since
[ fyix (W X3) fx (xz3)des = fy(y). We also use Cauchy-Schwarz inequality in the second last
line, and the definition of £ in the last line. The remainder @}, can be bounded as

Q1 =: E/ﬂ(yl,m < y3) fy)x (11 X1) fyx (921 X2) fy x (y3] X3)

/OO (fy1xs (W) = Sy | Xy (Wa))dy

max(y1,y2)

= E/ﬂ(yl,w < y3) fyx (11 X1) fyx (921 X2) fr x (y3] X3)
(Fx,y (1 Vy2| X)) — Fxy (v V y2|Xs))dy
< E/fyX(yl|X1)fY|x(y2\X2)(FX,Y(y1 Vel Xn) — Fxy (1 V y2|Xs))dyrdy:

< E [min { (1 + L{" (X3, max{¥3, Y2}) + L{"” (X (s), max{¥1, Y2 })) | X5 — Xn(s)|", 1 }]

SN

S (X3 — X 2 1) + {E (1+ (L7 (Xa, max{v1, Y2 1))’ + (2§ (X3, max{¥1, 2}))’) }

6—1

_Om_ 0
x {BIXs — Xy) 711X — Xyl <D} 7 (D.20)
where the last two lines follow by Assumptions (A1) and (A2) from the main paper and
Hélder’s inequality. Plugging in the conclusions from (D.5), (D.6), and (D.7) into (D.20),
we get that
(log n)2> (3570 751)

Q1 < n_#(log n)? + ( = by, (D.21)

n
By using a similar argument as above, we get the same bound for the other terms in @11,
which implies
Qu < E(fLY) + b

Also from (D.18), provided X; and Y; are independent, i.e., f(f)(?%,) = 0, we also have
Q11 = O(n™1). Therefore,

EQu < bl (E(F}) > 0) + % (D.22)
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Bounding ;2. Similarly, since min{ R;, Ry } < n, we have
le ;:ﬁ ;E {/min{Ri, RN(Z')}(fY(Y) - fY|X(Y))dyX
X /min{Ri,RN(i)}(fY(Y) + fY|X(Y))dY:|

<2n~

5] [ win{ s, B i) - fv(y))dY‘

3

/1(93 < (y1,92)) (fY|X(y3!X3)fYX(yl\Xl)fwx(w!XNu)) - HfY(yz')) dy1dyadys
1
1

|
/

+ Q‘E/ L(ys < y1) fyix (W1l X1)dyr (Fxy (y3lXa) — Fxy (y3| X1)) fy (ys)dys
I(ys <

2‘1&3/

4 9E [min {(1 + L (X1, Ya) + L8 (X ), Y2)) [ X1 — Xy, 1}}

E
E [ L(ys < (y1,92)) (fyix X0 fyix (w2l Xvy) — fy () fy (y2)) dyrdya fy (ys)dys

L

2
2
2

<
< (y3 < (
< (y3 < (w1,92)) (fyix Wil X1) fyix (021 Xnay) — fy (1) fy (92)) dyrdye fy (y3)dys
< (y3 < (

y1,52)) (fyix Wil X1) — fy () (fyix (el X1) — fy (y2)) dyrdya fy (y3)dys

2

S/E (/ 1(ys <v1) (fyix (1l X2) = fr (o)) dyr | fy(ys)dys

“/(9 1) A1y )

logn) > O(v+1) "y +1

+n A (logn)? (

ny

) (9(7+1) A+1

i 4T 1
S &( )((,%/) A (logn)? + ((Ogn”)

In the above, we have used the fact that [ fy|x(y|z)fx(z)dz = fy(y) in the third and fifth
inequalities. The last line uses Cauchy-Schwarz inequality for the first term and Assumption
(A1) in the main paper, coupled with equations (D.5)-(D.7) for the second term.

On the other hand, notice that when &( )((n%,) = 0, X7 and Y7 are independent and
Q12 = 0 from definition. Thus

Quz S (YY) +bal(E(YY) > 0) (D-23)
Plugging in (D.22) and (D.23) into (D.l?) yields

‘ETlfg ST E(FE)) + baL(E(STY) > 0).

A similar set of computations can be used in ET;, i = 2, 3,4. We skip the relevant algebraic
details for brevity. We present the corresponding conclusions below:

F S0+ UV + 0L > 0).
By the definitions of @1, ..., Qs this finishes the proof of Lemma C.2. O

max{E‘Tl — Tls},E‘TQ — %5 y




Auddy, Deb, and Nandy/On Chatterjee’s correlation coefficient 45
D.3. Proof of Lemma C.3

As before, we hide the dependence on n and write fxy, fx, fy, Fy to mean f)(?%,, )(?),

f (”), Fx(,n) respectively. We will write (X1,Y1),...,(Xn,Y,) to mean the random variables
(Xn1:Yn1), .-y (Xom, Yon) for some fixed n in the triangular array.

Bounding Var(E[/n&|X™)]).

We will start this proof with some definitions:

Hy = 7 > [ ming By (), By (o) v 0n X0 o Xov) i i
i=1
Hy = n26ﬁ 1 Zl/min{FY(y1)7FY(y2)}fY|X(y1|Xi)fYX(y2|Xi) dy1 dya,
Hy = n26_ 122/min{FY(yl)aFY(y2)}fYX(y1|Xi)fY|X(92|Xj) dyy dya.

i

Based on the above notation, note that:
Var(E[v/n&"|X™]) = nE(H, — Hy — EH, + EH>)?. (D.24)
Using (D.24), it is easy to see that:
Var(E[v/ng&|X™]) < nE(H, — H] — E(H] — Hz))* + nVar(H] — Hy). (D.25)

We will now bound the two terms on the right hand side of (D.25) separately.

We start with the first term. Towards this direction, define Z,, := /n(H; — Hy). The
first term on the right hand side of (D.25) then equals Var(Z,). Next observe that:

1 n
B|Z,| < o= ZE / (Y > y|X)[B(Y > 4| X0) — B(Y > 4l Xneo) |l fy () dy

n

1 . n n n
S Emm{ / (14 L (Xiyy) + L8 (Xnvgiy 9)| X — Xnvio £ () dy,l}

< Vnby, (D.26)

where b, is defined as in (C.1) and the last line follows using similar computations as
in (D.7) and (D.20). Note that, if X; and Y] are independent, then Z, =0, i.e.,

Combining (D.27) with (D.26), we get:
E|Zu| S VibuL(E(/YY) > 0). (D.28)

The above gives us a bound on the first moment of |Z,,|. However, we are interested in the
second moment. To make this transition, we will use Lemma D.5.
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By Lemma D.5, there exists K > 0, a positive constant, such that
1
P <|Zn —EZ,| > K+/log n) < (D.29)
Choose such a K > 0 satisfying (D.29) and consider the following decomposition:
E(Z, — EZ,)?

—E[(Z, — B2,)?1(|Zn — EZ,| > K+/log n)} +E [(Zn CEZ)?1(|Zn — EZy| < K\/logn)} .
(D.30)

For the first term, we begin by observing that E(Z, — EZ,)* < 1 by Lemma D.5.
Consequently by the Cauchy-Schwarz inequality,

E [(Zn - EZn)2]l(‘Zn -EZ,| > Kv IOgn)]

< VE(Zn —BZ) 0 P( 20 — EZ,| > Kr/logn) S 0”8 (D.31)

where the last line follows from (D.29).

For the second term, note that

E |(Z, —EZ,)*1(|Z, — EZ,| < K\/logn)} < K+/lognE|Z,| < b,y/nlogn, (D.32)

where the last line follows from (D.26). Combining (D.32), (D.31) and (D.27), we then get:

nE(H, — H! — E(H! — Hy))? < (bn nlogn + n*3) L(E(SE)) > 0), (D.33)

which provides a bound for the first term in (D.25).

For the second term in (D.25), we can use the same technique that we used to bound
the S;’s in the proof of Lemma C.1, to get:

nVar(Hj — Hy) S E(f{3) +nL. (D.34)

Finally, combining (D.33) and (D.34) completes the proof of Part 1.

Bounding Var(E[y/n&,|X™)]). Recall that
min (R;, Ryy) =1+ > 1(Y; < min(Y;, Yg)) - (D.35)
JE{LN )}

We will decompose fy|x(ylz) = fy(y) + fyix(lz) — fr(y). Then using (D.35) in the
expression of £, we get:

E[vn&,|X™]/6
_ _Vn Z /]l(ys < min{y1, y2}) fy)x (W11X) fy 1 x (W2l X vy Sy x (s | X ) dyrdyadys + O(2)
=1

T n2-1 =
J74,N (1)

- > > !/1(93Smin(yl,yz))f‘/(yl)f‘/(yz)fy(y3)dyldyzdyg

n?—14~ L
i=1 jA{i,N ()}
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+ / 1(ys < min(y1, y2)) (fyx W1l Xi) = fy (W) fy1x (W2l Xney) frix (ys| X5) dya dyz dys

4 / 1(ys < min(y1,2))fy (90) Gy ix (el Xoveey) — F (92)) F e (931X) dys dya dys

+/11(y3 < min(y1, y2)) fy (v) fy (v2) (Fyx (31X;) — fy (y3)) dyr dya dys | + O(n™1).

Note that the first term within the sum is just P(Y3 < min{Y7,Y2})+O(n™!) = £ +O(n™1).
Among the rest, let us define

5

] Z > / (y3 < min(y1,y2)) (fy)x (v1|Xi) — fyr(y1))

=1 j#i,N (i
fyix (V2| Xneiy) fyx (ys| X5) dyr dyz2 dys

3

— Py x W Xa) (1 = Fyx (W X)) frix (Y1 X5)dy

=:n;/_ﬁ 1 Z Z' / (Fy () — By (1 X0)(1 ~ Fypx (1X0) e (01 )y + T{(X)

— T} + ). (D-37)

—Var ( z; Z( )/ — Py x (y] X)) (1 — FYX(yXi))fYX(ij)dy)
1=1 j#i,N

—1) (m2 _1)2 Z Z Z Z Cov (3(Xi17XJ'1)7 S(XQ?XJQ))

i1=149=1 jy #i1,N (i1) joFi2,N(i2)

_1222 > Cov(E(X, Xp), (X, X))

w192 jFi1,N(i1),i2,N (i2)

QZ oD Cov (B(Xi Xj), B(Xi, X)) + O(n~2) (D.38)

=1 j174j274,N (1)

where the last step follows by the independence of X1,...,X,,. For any 1 < i,io < n and
J # i1, N(i1), 2, N(i2)

E (S(le ) Xj)g(Xb ) XJ))

:// [/(FY(yl) — Fyix(11Xi) (1 — Fyix (11 X0) ()i, | fyix (1] X5)dya x
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< | [ [~ FrixtuelXena - FYX@Q\Xz-z))fX(:cig)dxiz} Py e (el X )y fxc (o
2
<[/ [ / <Fy<y>—FY|X<y\X>><1—FY.X<y|X>>fX<x>dx] Fy e (01 )y fx (2)des
<[ [ [ @) - Fx 02020 - Frix 6l x (s >dx] fr(w)dy

<E(f9). (D.39)

Here we have used Cauchy-Schwarz inequality in the second and third inequalities. The
exact same calculation also implies that

E (§(Xi, X;,)8(Xi, X;,)) < E(FLY).
By (D.38) and (D.39) we have
Var (T7) S €(f¢)) +n2. (D.40)
On the other hand,

E\TH

nQ 1 Z Z /‘ (Fy (y FY|X(y|Xi))(FY|X(y|XN(i)) _FY|X(y’Xi))|fY\X(y|Xj)dy
1=1 j#i,N(3)

~n+n1 ;E/W(Y > y|X;) —P(Y > y|Xnw)| fr(y)dy S v/nby (D.41)

following (D.26). Note that if X; and Y; are independent then 77 (X)) =0, i.e.,
/YY) =0 = T{=0 (D.42)
which together with (D.41) implies

E|T{| S Vb L(E(fT) > 0). (D.43)

As in part 1 of the lemma, we make a transition to the second moment via McDiarmid’s
inequality. Notice that just as in Lemma D.5, we have a constant C' > 0 such that for any
n>1landt>0

P(

T!(X™) — ET{(X("))‘ > ¢) < 2exp(—Cnt?).
In particular, there exists a constant K > 0 such that

1
P(|T] — ET{| > K+/logn) < et (D.44)

One can then follow (D.30)-(D.32) to get
E(T] - ET})
—E [(T1 ET)21(|T] - ET}| > K logn)] +E [(T1 ET))21(|T] — BT]| < K+/log n)}

<\/E(T} — ET})"/B(IT] — ET]| > K \/logn) + K+/log nE| Z,|
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< n73 4 by/nlogn. (D.45)
which, together with (D.42) implies that

E(T — ET))? < (n*3 + byy/nlog n) 1(E(ST)) > 0). (D.46)

Combining (D.40), (D.46) and (D.37), we have

Var (Th) < £(/§%) + (n—3 + by/mlogn) LE(TY) > 0) +n2 (D.47)

Using a similar calculation, we have the same bound for the variance of the third and fourth
terms on the right-hand side of (D.36). This finishes the proof of the second bound, and
hence Lemma C.3 follows. 0

D.4. Proof of Lemma C.}

Let us consider Wy defined in (C.23) and observe that Wy(x) depends on (x,y,) and
(N0 Yn(e))- Consider x, &’ € (R*)™ and {i,j} € [n] X [n], such that the edge {i,j} does
not exist in G(x), G(x"), G(x’) and G(z¥). We shall show that for all £ € [n],

Wy(x) — Wg(wl) — Wg(a:j) + Wg(:l:ij) =0. (D.48)

By (C.24), we have
Dali,§) — Dm/(z’,j)‘ < #{t 1y x;}. (D.49)

Let us fix an ¢ € [n] such that Dg(¢,j) < 1. That means there exists at most one k, such
that, ¢ < x, < x;. We shall show

WZ(CL') = Wg(mz) and Wg(:l:j) — Wg(a:ij),
As the edge {i,j} is absent in G(x), we have

In particular, i is different from ¢ and j. Again, as the edge {i,j} is absent in G(x'), we
further have,

Dyi(l,i) > 2. (D.51)
This implies N (¢) does not change in x and x’. Hence,
Wi(z) = We(a').

Next we show that if Dz(¢,7) < 1 then we have D_;(¢,i) > 2 and D,;(¢,i) > 2. Suppose
not, let D,;(¢,i) < 1. If j = ¢, then clearly this is false as the edge {4,;} is absent in G(x7).
If j # ¢, then by (D.49) and (D.50), we get,

D,;(l,i) > 2.

This is a contradiction. Further, if D_:;(¢,i) < 1 and j = /¢, then this is similarly false as
the edge {i,j} edge is absent in G(x*). If j # £, then by (D.49) and (D.51), we get,

Dy (£,7) > 2.
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Again we get a contradiction. As D, (¢,i) > 2 and D, (¢,i) > 2, N(¢) is same in 27 and
a2, Hence, ‘ -
Wi(x?) = Wy(x™).

This implies if Dz (¢, j) < 1, then (D.48) holds. Similarly if D_:(¢,j) <1 or D,;(¢,j) <1 or
D,i;j(£,7) < 1, then (D.48) holds. Now if D (¢,7), Dgi(€,7), Dgi(€,7), Dgii (€,5) > 1, then
N(¢) does not change in « and «/ implying

Wo(x) = Wy(a?).
Also N(¢) does not change in ' and =% implying
Wg(zr:”) = Wg(:l)ij).

This implies the lemma. O

D.5. Proof of Lemma A.1

To reduce notation we write fxy(-,-), fx(-), fy(-) and Fy(:) to mean f)((n%,(), f)(?)('),
fi(/”)() and Fi(/n)() respectively. We will write (X1, Y1),...,(X,,Y,) to mean the random

variables (Xp1,Yn1), -5 (Xnn, Yan) ~ f)(?g, from the triangular array. We will also write
X to mean (X7i,...,X,). It is useful to note some properties of g(y|z) which we will use
throughout the proof.

a)
/ g(ylz)dy =1 and / o(yle) fx (2)dz = fyr(y). (D.52)

In this sense, g(y|z) is like a conditional density, although it can take negative values.

b) Recalling the definition of g, we write

G(ylz) = /_y g(tlz)dt = 3 fxy (yle) + (1= 3) Fy (); /G(ylx)fx(x)dw = Fy (y).
(D.53)

c) For any y, x1, 2, Assumption (A1) in the main paper implies there exist n € (0, 1],
6 > 1 and C > 0 such that

Gylz1) — Glylas)| < (1+ LY (@1, ) + LY (22, 9)) a1 — x2|"

lim sup / (L (o, ) fx () fy () dy < C.

n—oo

(D.54)

We will prove the three parts of Lemma A.1 as Lemmas D.1 to D.3 presented below.

(0-1)
g(erl)/\%)

s 1 2 n
Lemma D.1. |77 — 1| < [ n T4 (logn)? + <(Win)>< 1(&( )((%/) > 0).
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D.5.1. Proof of Lemma D.1

T; involves two contributions from fy (y) and one from g(y|z). Thus

i#1

+ / D LN = )1y < min{y, y;}) fy (1) g(yrler) fr (y;)dyrdyrdy; fx (x) dx
i#1

+/Z L(N(1) = j) 2y < min{y1,y;})g(yile) fy (i) fr (y;)dyrdyedy; fx (x) dx.
i#1

(D.55)

Now for the first term of 77, we use Fubini’s theorem to write

/Z L(N(1) = j)L(yx < min{yr, y;}) fr (1) fy (ye)9(y;lz;)dyr dyrdy; fx (x) dx

:/Z L(N(1) = j)L(yx < min{y1,y;})(9(ysl21) + 9(y;lz;5) — g(yslz1)) fx (x) dx

Iy (yk) fy (y1)dy1dyrdy;
Z:/Il(yk < min{yl,y})/g(ylxl)fx(xl)dwlfy(yl)fy(yk)dydmdyk +E,

:/Il(yk < min{yr, y}) fy () fy (y1) fy (ye) dydyr dyx + Er = % i

where we use the fact that [ ¢(y|z)fx(z)dz = fy(y) from (D.52). The remainder term is
E, :/Z L(N(1) = j) /(Q(yjij) = 9(yjlz) fy (y) fy () dyr dyrdy; fx (x) dx
1
[ [ [ 2w =) [ (atuster) = ook () () dndyedys fx () dx
y 71

Yk

:///Z L(N(1) = )Gy x,=0: (Uk) — Gy |x;=a; (e fy (i) fr (y1)dyrdyk fx (x) dx
=

S/y//’GYLXl(yk) — Gy xy 0, (W) | x (%) dx fy (i) fr (y1)dyr dyi

< / /{1 AL+ LS (1, ) + Lgn)(fENu),y))\xl =yl Tfx(x) dx(1 — Fy (yx)) fv (yx)dys

SP(IX1 — Xyl > 1)

S

6—1
n n O 0
+ {E <1 + (L (X0, %) + (LYY (X, Yk;))e)} {E|X1 ~ Xy TL(IX1 — Xnqyl < 1)} ’

(log n)2> (%A%)

< n_ﬁ(log n)? + <
n

, (D.56)
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where we use (D.54) in the second last line, and Lemma D.4 in the last line. By analogous
calculation, the second and third terms in 77 can be written as

(0-1)
g(“ﬂrl)/\%)

ogn 2
/]l(?/k < min{y1, y}) fy W) fy (1) fy (ye)dydydys, + O <(Ui)) (

(log n)? ) (36597 5)
3

1 e
—— 4O |n (logn)? + <
n

Finally, when &( )((" %/) =0 X; and Y; are independent, and hence g(y|z) = fy(y) for all x.
It can be checked that in this case F,, = 0 and similarly the other error terms are all zero.
This finishes the proof of Lemma D.1, i.e., part i) of Lemma A.1. O

Lemma D.2.

y(6—-1) \ nvy

(log n)2> (#6w5%1) ()

n

7o (34 H(0))| < (0 Fogn? + (

D.5.2. Proof of Lemma D.2

The second term deals with the case where one of the three is from fy(y) and the other
two are from g(y|x):

Ty = /Z L(N(1) = j)L(yr < min{y1,y;})g(y1l21)g(velzr) fy (y;)dyrdyrdy; fx (x) dx

i#1

+ /Z L(N(1) = ) Uyk < min{y1, y; ) fy (y1)9(yklz) 9(y;1z;) dyr dyrdy; fx (x) dx
i#1

+ /Z L(N(1) = j) LUy < min{y1,y;})g(wile) fy (Ye)g(y;l;)dyrdyrdy; fx (x) dx.
i#1

(D.57)

For the first term of T3, by interchanging the integrals,

/Z L(N(1) = j)1(yr < min{y1, y;})g(yile1)g(yelee) fy (y5)dyrdyrdy; fx (x) dx
= / D L(N(1) = 5)L(yx < min{y1, y;})g(vilen)g(yelzr) fx (<) dx fy (y;)dyi dyrdy;

Z/]l(yk < min{y1,y}) [/9(y1|$1)fx($1)d951/g(yk|xk)fx(ﬂ?k)dl‘k fy (yj)dyrdyrdy;

= / 1y, < min{y1, y}) fy (y1) fy (yr) fy (yj)dyrdyrdy; = % (D.58)

where the last line follows from (D.52). The second term in T is

/Z L(N(1) = 7)Uyk < min{y1, y; }) fy (v1)9(yklze) 9(y;1z;)dyr dyrdy; fx (x) dx
i#1
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= [ 32 10V() = 1o < minfon,uy Dy (gl ko)
J#1
(9(yjle1) + g(yjlz;) — g(yjlz1)) fx (x) dxdy: dyxdy,

=2/1(3/k < min{y1,y}) Ug(yj\xl)fx(fﬂl)dfcl/g(yk!xk)fX(l’k)dxk fy (1) dyrdyrdy; + E;,
= / L(yx < min{y, y}) fy (1) fy (k) fy (y;)dydyrdy; + E,, = % +E, (D.59)

where the last line follows from (D.52). Just as in equation (D.56), the remainder term

/ > )L(ye < min{ys, y;3)(9(yslw;) — 9(yjle))g(yeler)du(x) fy (y1)dyrdyrdy;
J#Lk
-/ { [ X VL(ye < min{y1, 5 D(g(sl2) — 9(ysla0) fx (%) dx]
J#Lk

X { / g(ym)fX(mk)d:ck] Fy () dyadyedy,
—E,

log n)2> (368 35) (D.60)

< n*ﬁ(logn)2 + <(

n

We use the fact that j # k in the second equality and Lemma D.4 in the last step. With a
remainder term E! defined similarly as E,, and E!,, we can write the third term as

/Z L(yx < min{y1, y;H)g(ilen) fy (yr)g(yslas)dyr dyrdy; fx (x) dx
J#1

Zr/ﬂ(yk < min{y1, y}) [/g(yllxl)g(ylxl)fx(xl)dwl fy (ye)dyrdyrdy + E,

:/IE </too g(y|X)dy>2 fy(t)dt + E,

=H(f,9)+Ej. (D.61)
Indeed
B
/ ;k )Lk <y1 Ay (9(yslws) — 9(slea))g(yalen) fx (x)dx fy (ye) dyr dyrdy;
/ PRI /(g(yj!wj) —g(yj\xl))dyj/g(yllxl)dylfx(X) dx fy (ye)dyx
el Yk Yk

-/ { [ 3 10V0) = D610 () = Gy, ()L = G, () ) x| fy ()
£k
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= [ i6v1x.00 = G )01 = G, () ) ] o)
< B(X — Xo| = 1)

6—1

0

1
n n 0 [
+{E (1+ (@700, v00) + (257 (X3, ¥)) }{EIX = Xy 711X = Xyl < 1)}

y(0-1) \ v

(logn)? > (363 35)

< n 7 (logn)? + ( B : (D.62)

where the last step follows by mimicking the last line of (D.56). Adding (D.58)-(D.62) proves
Lemma D.2 when £( )(?%/) > 0.

Once again f(f)(?%/) = 0 means g(y|x) = fy(y) for all x, which implies that H(f,g), E,
and E! are equal to zero. O

Lemma D.3.

(log n)? ) (36731 51)

n

Ty — H(f,g)| < nvk®mf+< (7)) > 0).

D.5.3. Proof of Lemma D.3

Finally in the third term, the contributions for all of Yj; Y1; Y (1) are from g(y|z):

T3 =/ > N = 5) 1y < min{yr, y; Da(vile1)g (el o) g (ysl2;) dyrdyrdy; fx (x) dx
A1k

= /Z L(N(1) = 7)1y < min{yr, y;}g(yilz1) fy (ye)9(yjlz;)dyrdyrdy; fx (x) dx

(log n)2 ) (Zfzﬁi /\%)
n

—H(f.g)+ 0 m#w%m?+(

The first line is by definition of T3. The second line follows by integrating over xj, (notice that
j # k). The third and fourth lines follow by comparing to (D.61) and (D.62) respectively.

Once again f(f)(?%/) = 0 means g(y|z) = fy(y) for all z, which implies that H(f,g), E/ are
equal to zero. O

Lemmas D.1 to D.3 together prove Lemma A.1. O
D.6. Auziliary lemmas

Lemma D.4. Under Assumption (A2) from the main paper, given any € > 0,

2 (logn)?n 7+
P (X1 — Xy| =€) Sn™ 7 , (logn)"n 71
€

Consequently, for any p < 1, uxil

2\ P
M&—mewmexmmsnsCmm).

n
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Proof of Lemma D.4. The proof follows by retracing the steps of [4, Lemma 14.1] and a
straightforward application of Lyapunov’s inequality. ]

Lemma D.5. There ezists a fived positive constant C > 0 such that the following holds for
anyn >1andt > 0:

P(|Z, —EZ,| > t) < 2exp(—Cnt?).

Proof of Lemma D.5. We omit the proof of this lemma since it follows simply from McDi-

armid’s inequality (see [51]) as used in [15, Lemma 9.11]. O
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