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In this following sections, we will present complete proofs of the results stated in
Sections 3 and 5 of the main paper. For the convenience in readability, we repeat the
statements of the results. The supplementary material is organized as follows. We will
prove Theorem 4 (of the main paper) in Section S.1 along with some generalizations.
Lemmas 3 — 7 (of the main paper) in Section S.2. Theorem 5 of the main paper is proved
in Section S.3.

S.1 Lasso-type Post-Selection Inference

Before proving Theorem 4 (of the main paper), we prove a simple lemma which shows
that the lasso objective function is almost a surrogate loss function. Recall, we have

observations (Xj;,Y;),1 <i < n. The empirical and the expected objective functions are
defined as

R0 = 13 (= xT 0o} aa mu@) =23 e [{vi-xTane) ]
=1

i=1

for all # € RIMI. We also have the least squares estimator and the corresponding target
as

Bo,m = argmin Rys(f) and Bar := arg min RM(Q)‘
OeRIM]| O€RIM]|

Lemma S.1.1. For any M € M(p) and 0 € RMI the following inequalities hold true:

A~

Rar(8) < Rar(8) + Don + 2D [|6]]; + Do 10117
Rar(6) < Rag(6) + Don + 2D1n 161, + Da2n 16117, (1)

where



Proof. We will only prove the first inequality and the second will be obvious to proof.
Recall the notation,

1 & RS
—n;XiX?, and Ty =3 XY,

i=1

Similarly, ¥ = E[2,] and I’ = E [[',,]. Expanding the square function in R;(6), we have

Ry (0) = % DY —20TT (M) + 0TS, (M)0

i=1

— % Zn:E (V7] =20 T(M) +0TS(M)0 + (711 zn: Y72 - % Zn:E [Yf])
=1 i=1 i=1
+20" [D(M) =T (M) +207 [S(M) — 2,(M)]6

< Rur(6) + Don + 2101y Din + 1013 Dan-

Combining these inequalities, we get

Ras(8) < Rt (6) + Don + 2116]l; D + (1617 D2 i

Remark S.1.1 Note from the inequality (1) that the right hand side resembles the
lasso objective function except for the term based on [|0]|3, the coefficient of which is

1 < 1 <
T T
- ;1 XX -~ ;1 E [XiXi ]

Suppose, for instance, assume that the covariates are all fixed deterministic values. Then
Dy, = 0 and the right hand side in inequality (1) is exactly the lasso objective function
except for a constant Dy, that does not matter for minimizers. Also note that under
setting 1(a) of Lemma 2 in the main paper, Dy, coincides in rate with the optimal tuning
parameter rate in lasso. This inequality suggests that lasso is a natural candidate for
high-dimensional linear regression but the derivation of a similar inequality for gener-
alized linear models is not so obvious which questions the use of ||-||;-penalty for other
linear models. o

Getting back to the lasso-type post-selection inference, for every M € M(p), we have
the confidence regions

Dgn =

o0

nM;:{eeRIM;sz(e) () + 11 ) || -+ 2a(a) B}
Rl = {GERW Rar(0) < Rar(Bar) +2C1(a) [[Bae | + 1611, + ot [Hm”ﬂleul]}

where RM() is the empirical least squares objective function defined above. The follow-
ing is a generalization of Theorem 4 of the main paper.



Theorem S.1.1. Under assumptions (A2) — (A3) and for every 1 < k < p that satisfies
(A4)(k), we have

iminf P | () {foar € Rur} | 21~
MeM(k)

Under no assumptions except for (A2), we have

P m {BO,MEI]?IL} >1—-a.
MeM(p)

Proof. Since we are only concerned with objective functions at 8y as, we can get a sharper
inequality than the one presented in Lemma S.1.1 but the proof is similar. As noted in
the main paper, we have the equalities,

Bar := argmin {QTEn(M)H — 20TFn(M)} ,
AcRIM]|

Bo.a = arg min {GTZ(M)G - 29TF(M)} .
HcRIM|

From these equalities, we get the following inequalities for every M € M(p),
Bo,m S (M) Boas — 289 yTn (M)
< Bo.B(M)Bo,ur — 260 T (M) + 2D | Bo,aally + Dan |03
< BuS(M)Bar — 2831 (M) + 2D1, || Bo,ally + D || Bonl}
< BrrEa(M)Bas — 280 Tn(M) + 2D [|| e |, + 1501,

+ D [+ ]

The first and third inequalities follow from the proof of Lemma S.1.1. The second
inequality follows from the definition of 5y »s. Now add the sample average of {Yl2 1<
i <n} on both sides and get

R (Bor) < Ry (BM) + 2Dy, [ ’5MH1 + H/BO,MHJ + D2y [HﬁMH? + Hﬁ(),MHﬂ , (2)

for all M € M(p). Using assumptions (A4)(k) and (A3) (following the proof of Theorem
1 of the main paper), we can make the probability statement

liminf P { () {foar € Rar} | 21 —a
MeM(k)

The second result follows trivially from inequality (2). O



Remark S.1.2 Based on this proof, one can derive a generalization similar to The-
orem 3 of the main paper with arbitrary matrices ¥, %" and arbitrary vectors I, I'*.
We leave it to the reader to figure out the details. o

Interestingly, one may ask if Dantzig selector and the lasso are the only methods that
can lead to valid post-selection confidence regions or is there a collection of such methods
that work for this purpose. We do not yet know of any general result in this direction
but we know that at least there is one another method that works. Before stating the
theorem, we state a lemma that shows that square-root lasso is also a surrogate and this

leads to the confidence regions.

Lemma S.1.2. For any model M € M(p) and 0 € RIMI  the following inequality hold
true:

1/2 -
RYP(0) < Ry (0) + 0¥/ (1 + [6]],).
where 1n, = max{Don, Din, Dan}.

RY2(0) < RYZ(0) + 02 (1 + 6],
/

Proof. From the proof of Lemma S.1.1, we have
Rar(0) < Rar(6) + Do + 2D1a 6]}y + Do 1017
< Rar(6) + 1o (142611, + 613
< Rya(0) + 1 (14 [10]1,)°
Taking square root on both sides and using the inequality v/a + b < \/a + Vb, we get
RyF(0) < RYP(0) + 0¥/ (1+[0]) 0
Now, consider the confidence regions
Ry 1= {8 € RV RY2(0) < RY(5) +2072(0) (1+ ] ) ).
Rl = {0 e RV Ry20) < RyF(B) + CY2(0) (1 +11011) + (@) (1+ [[Bue|,) }

where C(«) is either given by C(a) = max{C}(a), Ca()} or C(«) is the (1 — a)-upper
quantile of max{Dj,,Da,}. The following theorem is the analogue of Theorem S.1.1
with square-root lasso.

Theorem S.1.2. Under assumptions (A2) — (A83) and for every 1 < k < p that satisfies
(A4)(k), we have

liminf P m {507M€7UQM} >1-—aq.
n—oo
MeM(k)

Under no assumptions except for (A2), we have

P m {ﬁo,MEﬁ,J]{W} >1—-a.

MeM(p)



Proof. The proof is almost the same as that of Theorem S.1.1 with same changes as in
Lemma S.1.2. O

5.2 Uniform Convergence Results for Linear Regression
Lemma S.2.1. If k satisfies kDo, = 0,(1), then

Sup S (M) = S(M),, < kD2 = 0,(1).
MeM(k)

Proof. Since ¥, (M) — X(M) is a symmetric matrix, the operator norm can be written
as

120 (M) = (M) sup [0 (Zn(M) — B(M))3].
SERIMI, ||5[,<1

o =
This implies that

sup || (M) — S(M)],, = sup 167(2, — £)d,
MeM(k) J€ERP,
8llo <k.l18]l,<1

2
< osup o [[Ba = Xl 6117
SERP,
lollg<k;[I6ll,<1

< sup kS - Xl 16115,
JERP,
lollo<k,llo]l,<1

= k%0 = Xl = kD2n = 0p(1),
by the given hypothesis. O

Remark S.2.1 To comment on how to improve this result for the case of independent
and identically distributed random vectors case, we use the first equality,

sup [|8,(M) — E(M)|l,, = sup 167 (2, — 2)0|
MeM(k) SERP,
lI6llo<k,ll6]l <1

1< T T
= sup — 0 (XX, —X)I].
E PSR
1811 <k, |l6]lo<1

Now, use the techniques of symmetrization using Rademacher variables and covering
numbers for sparse vectors to get the correct rate. See Rudelson and Vershynin (2008)
for more details. o

Before proceeding to prove the remaining uniform consistency results, we need a
result that proves closeness of minimizers of close convex functions which was proved by
Hjort and Pollard (1993). For completeness, we state the result along with a detailed
proof here. As will be seen from the proof of the lemma, there is no randomness involved.



Lemma S.2.2. [Lemma 2 of Hjort and Pollard (1993)] Suppose {An(s)} is a sequence
of conver functions defined on an open conver set S and {By(s)} is another sequence
of functions. Let ay, be the minimizer of A, and assume that B, has a unique global
minimizer 3,. Then for each § > 0 and any norm | - |,

P = il 2 9) < P (8000) 2 31.9))

Ap(0):= sup |A,(s) — Bu(s)] and h,(0):= inf By(s) — Bn(Bn).
|s—Bn|<6 |s—Bn|=0

Proof. Define r,(s) := An(s) — By(s) and we have the minimizers

an, = argmin 4,(f) and g, = argmin B,(0).
0cS oes

Let s be any point in S outside the ball around 3,, with radius 9§, say, s = 5, + fu with
|u| =1 and ¢ > 4. By convexity of A,, we get

0 1 1 0
Ao+ 80) = A ([1=5] B §s) < (1-) Au(B) + 40000
Rearranging, we arrive at the inequality

% {An(s) = An(Bn)} = An(Bn + u) — An(Bn)

> ‘il|af1 By (Bn + 0u) — Bn(Bp) — 2 sup [ry(Bn + dv))|
ul= 1

v <

If h,(0) > 2A,(9), then A, (s) > A,(5,) for all s satisfying |s — ,] > § and so the

minimizer of A,, cannot lie outside the ball around 3, of radius §. Therefore,
and implies the result. O

It is easy to note from the inequality that if A, and B, are uniformly close and
1/hy,(0) is bounded, then «, and f, are also close. It would also be convenient (nota-
tionally) to define errors for model M, even though these errors are not assumed to have
any special properties: For any model M,

e =Y — X (M)Bopr and ep:=Y — X (M)Bon-

Here again we are writing M in the subscript to re-emphasize the fact that €; 57 is not
an element of a fixed big vector of length p.



Lemma S.2.3. For any k > 1 and n > 1 that satisfy 2kDay, < Amin(X2), the following
stochastic ordering holds:

4k(D1p + DanS1 k)

sup HﬁM ﬁMH
MeM(k) 0 mln( ) 2kDay,

= o0p(1),

where the last equality holds under assumptions (A3) and (A4)(k) in main paper.

Remark S.2.2 We provide two different proofs of Lemma S.2.3. The first proof
is very specific to the case of linear regression and the second proof even though long
generalizes to the other M-estimation problems easily. See Negahban et al. (2009) for
more details. o

Proof 1 of Lemma S.2.3. The least squares estimator () satisfies
Sn(M)By — Tn(M) = 0,
and so, we have
Bur = Bour = (Ea(M)) ™" ([La(M) = D(M)] = [Ea(M) = (M)] fo.u) -
By Lemma S.2.1, we have
IE(M)lgp = kD2n < (|50 (M)l < (M) + kD2
Therefore, for k satisfying kD2, < Amin(2),

H _ ITa(M) = DMl + [|[Ea (M) = 5(M)]5o,nl
My = Amin(Z(M)) — kDo '

Using ||-||5 — ||-||; inequality, we obtain uniformly over M € M(k),

k(D1 + D2nS1 k)
~ Amin(Z(M)) — kDo,

Note that this improves the results with respect to constants. O

HﬁM 50MH <k1/2H5M BOMH

Proof 2 of Lemma S.2.3. A naive application of Lemma S.2.2 with A4,,(-) and B,(-) re-
placed by Rys(-) and Ry (-) will bring in the estimation error of the sample mean of Y;?
into the conditions for uniform consistency required. However, this term can be avoided
by realizing that the least squares estimator B s is also the minimizer of the least squares
loss O, (s; M) subtracted by the mean of YZ-Q, 1 < i <n as stated after Lemma 1 in the
main paper.

Note that for M € M(k), Y := (BM — 50,M) is the minimizer of

Rt (Bo.as + 8) — Rar(Bo) = —2— Z (Yi = X;" (M)Bo,ar) X, (M)s

T (n ZXZ-(M)XZT(M)> 5.



For M € M(k) and s € RIM| define the objective functions

An(S;M) = RM(BQM + S) RM ﬁo M = —2— Ze’;‘z MXT S + STEn(M)S.
By(s; M) i= ~2E [ep X (M)| 5+ sTS(M)s = st(M)s.
The second equality in the definition of By, (s; M) holds by the definition of By . It is

easy to see that the minimizer of B, (s; M) with respect to s € RIMl is 0 € RIMI.
For applying Lemma S.2.2, define for M € M(k),

An(‘s?M) = sup |An(5§M)_Bn(3§M)|>
sERIMI: ||s]|, <6
hn (85 M) = inf B, (s).

seRIMI: ||s||,=5

The uniform consistency of ﬁM to Boar over M € M(k) is equivalent to proving that
for any 6 > 0,

P| sup |Amll;=6] =0 as n—oo.
MeM(k)

Notice that from the proof of Lemma S.2.2,

{ sup mrlza}:{ sup | Bar = Bou >6}
MeM(k) MeM(k)

- U il =)

MeM(k)
C U (6 M) <248,(6; M)} (3)
MeM(k)
Firstly, we have
)\mln( ) )‘min(z)
Bn(5) > Amin(S(M)) ||5]|2 > =  h,(6; M) > 52 4
(s) (X(M)) |Isll2 ] Is[1? (05 M) M| (4)
To deal with A, (0; M), note that
|An(s; M) — Br(s; M)| < 2 Zsz MXi(M) —Elepy XM lslly

2
+ ||En( ) = XMl sl -
This implies under the condition ||s||; <4,

n

% Y eimXi(M) —E[ey X (M)]
=1

Ap(6; M) <2 3+ [[Za(M) = B(M)| 8% (5)

o0

[e.9]



Breaking down the ||-||-norm in the first term by substituting the definitions of &; ps
and ), we see that

LS e X0 — Bl X (M)

o0

< + 1B (M) = 5(M)] Bo.mll o

oo

Ly X0y -£x(ny]
=1

S + X0 (M) = 2(M)|| o 1Po.1]l; < Pin + DanSi k-

[e.e]

1 n
=3 XY - E[XY]
n

=1

Hence,

A (8; M) < 2(D1py + D2, S1.1)8 + Dayd>. (6)

Substituting these inequalities in the inclusion (3), we get

{ sup ||'AYM”1Z(5}§ U {hn(6: M) < 2A,(5; M)}
MeM(k) MeM(k)

)\min by
U { ]\4( )(52 < 4(D1n + DQnSLk)(s + 2’1)2”(52} (7)
srem & 1M

Amin (%)
MeM(k)

- {)\min(Z)5 < 8k(D1n + DQnSLk)} U {)\min(Z) < 4]€D2n} . (8)

Therefore, by union bound we get

P ( sup ||'§/M||1 > 5) < P(Sk(Dln + D2nsl,k’) > )\mln(z)é) + ]P)(4k3p2n > )\min(z)) .
MeM(k)

Hence the uniform rate of consistency holds, i.e.,

sup HBM - BO,MH = Op (kpln + kDQnsl,k) ) if kD2n — Op(1>-
MeM(k) 1

From the inclusion (7), we have

| M|
- {()\min(Z) — 2kD2n) 0 < 4]{7(D1n + DQnSLk)} .

/\min %
{ sup |[Jmll, > 5} < U { () 52 < 4(D1n + DanS1x)0 + 2172n52}
MeM(k) MeM(k)



Thus, we obtain for every 6 > 0 and every k such that 2kDa,, < Apin(2),

4k(D1p + Do
P sup > 5 g]P(k( In 251’“25),
MeM(k) 1 Amin(X) — 2kDay,

and so,
4k(D1p, + D2nS1 k)

- /\mln ( ) 2kD2n

sup HﬁM 50MH O

MeM(k

Remark S.2.3 Improvement to the case of independent and identically distributed
random vectors uses symmetrization techniques from the inequality (5). o

The complimentary results for uniform consistency in ||-||,-norm follows. Here too
two different proofs are possible. We do not repeat the proof 1 which is similar to that
of Lemma S.2.3.

Lemma S.2.4. For any k > 1, and n > 1 that satisfy 2kDay, < Amin(2), the following

stochastic ordering holds:

4(k'/?*Dy,, + RIP,(k)Sax)
Amin(2) — 2RIP, (k)

4(k¢1/2'D1n + kD2nS2,k)
/\min(z) — 2kDo,

sup H/BM 501\/1” =

MeM(k
Proof. We follow the proof of Lemma S.2.3 with |[|-||,-norm replacing the ||-||;-norm. Let
An(; M) and B, (-; M) be the same functions defined in Lemma S.2.3. For applying
Lemma S.2.2, define for M € M(k),

Ay (05 M) = sup |An(s; M) — By(s; M),
s€RIMI: |s],<6
b (8; M) = inf B, (s).

sERIMI: ||s||,=6

As in the proof of Lemma S.2.3, we have the inclusion,

ol zof = 4]
MeM(k) MeM(k) 2
c U {nn(6 M) <2A,(5; M)}

MeM(k)
C inf h,(0;M) < sup 2A,(6;M) ;. 9
_{MGW B s 20 >} )

By definition of the minimum eigenvalue, we have
B (85 M) = Ain(E(M))6? = inf T, (6; M) > Ain(2)82.
(6 ) = Amin(E(M)) B (850 2 A ()
It is clear by Cauchy-Schwarz inequality that

n

% 3 i Xi(M) — E [epr X (M)
=1

An(6; M) <2 0+ 62| Sn (M) — Z(M)]

2

op *

10



This implies (using (9)) that
P sup ||Amllo =0 <P inf  h,(0;M)<2 sup A,(5M)].
<M€M(k) arll ) (MGM(k) ( MeM(k) (
Using the two-term bound on A,,(d; M), we obtain

P ( sup  [[Amlly = 5)
MeM(k)

< P|4 sup ||Zn(M) - E(M)Hop > )\min(z)
MeM(k)

1 n
+P(8 sup ||=) enXi(M) —ElenX(M)]| > Anin(E)5
MeM(k) | 9
S P (4kD2n Z )\min(z))
1 n
+P(8 sup (=) euXi(M) —E[epX(M)])|| > Auin(T)6 |,
MeM(k) || = )

where the last inequality follows from the calculations in the proof of Lemma S.2.1. This
inequality implies that if kD, = 0p(1), then
2)

This equality is rate-sharp in the sense that if the supremum were absent, then upto the
rate the equality is exact. To be more transparent, we now simplify the supremum term
on the right hand side above. We have the following sequence of inequalities,

) 1<
sup )H’YMH2 =0y < sup gZEi,MXi(M) —E[en X (M)]
=1

MeM(k MeM(k)

% > eimXi(M) —E ey X (M)]
=1

sup
MeM(k) 9
1 n
< swp (=S X(M)Y -EXMY]|| + sup [|[Sa(M) = S(M)] Bo,ull,
MeM(k) | o MeM(k)
1 n
<E2=NT XY -EXY]| 4+ sup [8a(M) = S(M)],, 180.:ll
[t MeM(k)

< kY2Dy, + RIP,(k)Syy < kYD1, + kD2 So p,.
The last inequality here follows from Lemma S.2.1. Therefore,

sup [Aarlly = Oy <k1/2D1n 4 RIPn(k)s2,k) < 0,(KY* D1y, + kD2 Sa.1),
MeM(k)

11



where the last inequality follows from RIP,, (k) < kDa,,. Recall Sz j, = sup,c Mk H Bo, ]y
This rate is in accordance with the rate obtained in Lemma S.2.3 in the sense that we
got

sSup MMHz =0y (k_l/g Sup ||7M||1) )
MeM(k) MeM(k)

where we used the fact that S < Kt/ 2527;6. Following the final steps in the proof of
Lemma S.2.3, we obtain the inequality

4(kY?Dy, + RIP,(k)S
P sup  [Amll, =6 | <P ( 1n+ (k)Sa.k) >5,
MeM(k) Amin(2) — 2RIP,, (k)
for every 0 > 0 and k such that 2RIP,,(k) < ¢ and hence,

4(k'?Dy,, + RIP,,(k)Sa ) . 4k D1y, + kD2 Sa 1)

O
Mer( [ss = ], = Mo (S) — 2RIP(K) (%) — 2kDan

The constants 4 and 2 above can be removed by using the inequalities in proof 1 of
Lemma S.2.3.

Lemma S.2.5. For any k > 1 such that assumptions (A3) and (A4)(k) are satisfied,
the uniform relative Lebesque measure result holds:

Sup l/(,]%M)
Memr) (Ci(a) + Co(a)Sy )M

Hence, it can be said that v(Ry) = Op(Dip + Doy, S1 1) M uniformly for M € M(k).
Moreover, additionally under the setting 1(a) of Lemma 2, we have

|M]
v <7AQM> =0, (k\/ loip) uniformly for M € M(k).

Proof. For any fixed model M, the Lebesgue measure of the confidence region is given
by

= 0,(1).

V(o) = 185 (M) (Cr() + Ol 8] )™ (10)

which converges to zero as n tends to infinity. Here v(A) is used to denote the Lebesgue
measure of the set A (v can be over different dimensions) and for any matrix A € RP*P,
|A| denotes the determinant of A. This equality follows since the confidence region
CI(M) can be written as

Rar = {S1 ()0 + Bar) + 6] < (C1(@) + Cala

By Lemma S.2.1, we get with probability converging to one,

sup |Z, (M §2<1+ max E_1M>.
MeM(k)l (M)] MeM(k)l (M)

12



We know that C1(a) and Ca(a) converge to zero for all distributions with finite fourth
moment with exact rate depending on how thin the tails are of the whole distribution.
Under the conditions of Lemma S.2.1, the sequence Cj(a) + Ca(v) Sy converges to zero
as n — 00. The result now follows from equation (10) and uniform consistency of B in
the ||-||;-norm.

The second result follows by plugging-in the result of Lemma 2, setting 1(a). O
Lemma S.2.6. Under the condition Dy, = op(1), assumptions (A3) and (A4)(k), we
have

sup ‘ Vs — ffn,MH = k32 max || X;||2, Op (D1 + DonS1i) = 0p(1).
MeM(k) op 1<i<n

Furthermore, if X;(j) is sub-Gaussian for every 1 < j < n as in setting 1(a) of Lemma
2, then

V(M) = Vo (M)|| = k*?1og(pn)Op(D1n + D2nS1 1)

op

sup ’
MeM(k)

If instead we have bounded covariates, then

V(M) = Vo (M)|| = k¥20,(D1y + DanSip).

op

sup ‘
MeM(k)

In fact the following exact stochastic ordering is true. Suppose there exists a real constant
u such that

RS 2 2
— ZE [Y } < p” < oo.
n-
=1
For every k > 1 and n > 1, that satisfy 2kDay, < Amin(X), the following stochastic
ordering holds true:

sup (Vs = Ve <8 e IX2 €17 [+ €107+ 401+ 81) 19— €]
MeM(k) op 1<i<n ) )
where

e k(Din + DanS1k)?
"R T N in (D) — 2kDay,

Proof. We will only prove the last result since the first two follow from the last by
using the fact that maximum of N sub-Gaussian (possibly dependent) random variables
is of order \/log N. Also, we assume identical distribution since the generalization to
non-identical distribution follows trivially.

The difference V;, pr — f/n’M can be written as

Vot — Vo = %ZXi(M)XiT(M) (Y; — X, (M)Bar)? — (Yi — X;" (M) Bo,m)?] -
=1

13



Firstly note that || X;(M)X," (M) Hop — ||X;(M)|)5 and by triangle inequality of operator
norm, we obtain

For any two real numbers A, B and any L > 0, we have 2|AB| < LA? + L~'B? and so,

Vs — Vo,

< a1 X(M Z] Y — X (M)Ban)? — (Vi — X" (M) Bo.ur)?

la? —b?| =|(a—b)?+2(a—D)b| <1+ L)(a—b)2+L ' foral a,beR.

Applying this inequality with a = Y; — X, (M)3a and b = Y; — X," (M) Bo.ar, we get for
any L > 0,

- 1+ L) <& . 2
[Voras = T, < e s 45 );{XRM)@M—%’M)}
1 n
4 as X035 S0 - XT (M) ) (1)

Z(Y X' (M)Bar)? SZY X;' (M) Bo,u)?

:Z{XT )(Bar — 50M} <2ZY X (M) Bor) Xy (M)(Bar — Bo,ur)-

Using the Cauchy-Schwarz inequality with ||-||; — |||, -norms, we get

bl Z {XT YBum — Bo M)}2 < 2(D1n + D2, S1 k)

by noting that E [(Y — X T (M)fo,)X(M)] = 0 and using the inequalities in the proof
of Theorem 1 of the main paper. Substituting these bounds in inequality (11), we have

Vot — Vo,

< (2+2L) max | (M) (Din + DonS1) || Bar = o
op 1<i<n 1

+ s [ XGODIE = (% — XT (M) o)

1<i<n c
i=1

Now, minimizing over L > 0, we arrive at the inequality

’ L < 2(Din + D2 Slk)HBM_/BOMH
maxi<i<y | Xi(M)|3 T ’

+2V2(D1y, + D2, S1 1) '/? H/BM 50MH Ry (Boar).  (12)

Vn,M - Vn,M

14



To deal with the last factor on the second term above, observe that

1/2(50 M) < ‘RM(BO,M) — RM(/BO,M)‘I/Q

1/2
Z V2 -E[Y?]

+V2(Dyy, + Doy, ||BO,M||1)1/2 | Bo,mr Hl/Q
—l—Rl/g(ﬁo M)

1/2 +V2(D1y, + D1, S k)1/251/2 + Rl/Z(Bo,M),

IN

where the second inequality follows by definition of Dy, and Ds,. Also, note that the
first two terms on the right hand side converge to zero as n — oo. By the definition of
Bo,m, we have

Ry (Bor) = min B[(Y = XT(M)s))| <E[Y?] = sup O(fou; M) <E[v?].
seRIM| MeM(k)

We, of course, need the assumption of finite second moment Y to consider best linear
regression functional. Substituting this bound in (12) and using the result of Lemma
S.2.3, the required result is proved by noting that max{Do,, Din,Don} = |2 — Q|
and

2 2
< |12 =
max X[ < kmax )% = k| max _ 1X,(7). m

SISNLS)SP

5.3 Linear Regression under 11D Setting

The following proof is a bit notationally involved as we need to prove semi-parametric
efficiency. The first two parts of the theorem can be generalized to the case of non-iid
random vectors as long as we can prove a weak law of large number and a central limit
theorem.

Theorem S.3.1. Suppose that the observations (X;,Y;) are independent and identically
distributed with finite fourth moments. For any fized model M of size not changing with
n, under assumption (A3), we have the following results

(a) The least squares estimator BM converges in probability to Sy v as n — oo;

(b) The following asymptotic normality result holds:
A L _ _
n!/2 (Bar = Boar) 5 Niary (0, Bt Var Bi)
where By = S(M) and Vay = E [X(M)X T (M){Y — X T (M)Bom}?].

(c) The estimator BM is a semi-parametrically efficient estimator of Boar over all
distributions of (X1,Y1) with finite fourth moments.

15



(d) The well-known sandwich estimator [, (M)] ™" Viar [En(M)] 7 is a consistent es-
timator of B]T;VMB;;, where

Vo = 1 3 XODX] O{Y; - X] (M)
i=1

Moreover, [En(M)]_1 Vo, [Z]n(M)]_1 1 a semi-parametrically efficient estimator
-1 -1
of By Vi By

Proof. Since the result is about least squares estimator for a fixed M of fixed cardinality
(not changing with n), let W; = X;(M) for 1 < i < n. Let the regression estimators for
these variables be given by

1 & 2
G = argmin — Y (Y - Wf&) and o :=argminE [(Y —wTe)?|.
gerIMI T 5T 9eRIM|

By definition, we get that
1 n
= Wi(Yi - W;Ta) =o.
mn
=1

Now adding and subtracting a to &, we obtain
R R
- E;Wz(yz - W'la) = -~ Z;WszT (& —a).
1= 1=

Under finite fourth moments of the variables, W;(Y; — WiToz) for 1 < ¢ < n have finite
second moments. Hence, by the weal law of large numbers, we get that as n — oo,

1 n

=N Wiy - wla) Bo.

i
The mean of the right hand side above is zero by definition of «. Again by weak law of
large numbers,

1 n

=~ waw BE[wwT].

i
Since the matrices here are finite dimensional and all norms are equivalent, we have

positive definiteness of the sample mean of VVZ-I/VZ-T for large enough n with probability
converging to one and thus,

(L) (e w))

Combining these probability convergences, & converges in probability to « as n — oo.
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By the classical central limit theorem, we also can derive
1 " T L
7 > Wi(Yi = W e) 5 Niag (0, Vi) -
i=1

Since .
1 — 1 «
n2E—a)=[= E WZ-WZ-T — g Wi(Y; — WiTa ,
( ) et Vi i=1 ( :

by an application of Slutsky theorem, we can write the asymptotic linear representation
1/2 (A T\t L - T
nM? (& —a) = (E [WW ]) %ZWZ@@ — W a) + 0,(1),
i=1

which then proves the asymptotic normality of n'/2(& — a).

To prove semi-parametric efficiency of the estimator &: Suppose the true distribution
of (W,Y) € RIMl x R is P and let (w,y) — g(w,y) be any map such that Epg = 0 and
Epg? < co. Define the one-dimensional parametric family indexed by a variable ¢ as

dP(w,y) = c(t)K (tg(w,y))dP(w,y), with K(u)=2(1+ exp(—2u))~?,

and ¢(t) such that P, defines a probability measure. The family {P; : ¢t € R} is quadratic
mean differentiable and the map ¢ is the score function corresponding to at t = 0. Any
function in the set {(z,y) — g(w,y) : Epg = 0,Epg? < oo} is a valid score function and
defines a valid probability family. We want to estimate the least squares slope functional

a=p(P) = <E [WWT])_lE[WY] - (/ wadP) - (/ wydP> :

assuming the existence of these quantities. Note that if these quantities exist for P, then
they also exist for all P; with ¢ € R and all g since K is a bounded function. Define the
family of distributions as

given by

Py = {P;: dPy(w,y) = c(t)K (tg(w,y))dP(w,y), with K(t) = 2(1+exp(—2t))~",¢t € R}.

Note that K(0) = K’(0) = 1. The Cramer-Rao lower bound for estimating ¢ (P) in the
parametric family P, is given by

2 (5) (52

For any matrix function A;, we have

o =M <8t A

t=0

17



For this family of distributions, the functional 1) is given by

v =(f waK@g(w,y))dP)_l ([ worcteatumar).
This implies,

81%(;%) - </waK(t9(“’vy))dP> R </wyK’(tg(w,y))g(w,y)dP>

([ wwKttstwpar) ([ K ot ot e
</waK(t9(w,y))dP> h </wydP) ,

bp(w,y) = </ wadP> - wly —w' ).

Define

At t =0, we get

25 = (Jewrar) (o) (fentar) ([ wuar)
(foew) (o)
-(/ wwwp)l ([ wls - w" s, aP) = Gr.g)e

where (g1, g2)p = Ep(g192). In a semi-parametric way, we are not restricted by a partic-
ular choice of g, and so the best semi-parametric lower bound on the variance for esti-
mating ¢ (P) is lower bounded by the supremum over all g € Lo(P) such that Epg = 0.
But it is easy to prove that

sup 1 <3¢(Pt)> (81/1(3))T

gELa(P):Epg—=0 EPG? ot ot

_ <wP7 >
= sup
t=0 g€L2(P):Epg=0 <g g>

= Eptppi)p.

It is interesting note that
Epdpip = (E [WWTDA E [WWT(Y . WTa)z] (IE [WWTDA :

which is the asymptotic variance of the (normalized) least squares estimator &. There-
fore, the ordinary least squares estimator is semi-parametrically efficient. The function
1p is called the efficient influence function and the least squares estimator satisfies

Vila—a) = gzﬁp(Wi,m + op(1).
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The proof of consistency of the sandwich estimator is included in the proof of semi-
parametric efficiency of the sandwich estimator. The asymptotic variance of \/n(& — «)
is given by

V= (E [WWT} ) B (E [WWT(Y - WToz)QD (]E [qu)f1 .
As before, define the family of distributions as
Py = {P: dPy(w,y) = c(t)K (tg(w,y))dP(w,y), with K(t) = 2(1+exp(—2t))~', ¢t € R}.
The least squares slope functional at P; is given by [(P;) which satisfies
E [W(Y —WTB(B))K (tg(W. Y))} —0 forall teR.

Differentiating both sides with respect to t, we get

E[W(Y = WTB(P)K (tg(W.Y)g(W.Y)| ~E [WWTaﬁéf”K(tg(W, Y))} =0,

Therefore,

aﬂgft) _ (IE :WWTK(tg(m Y))D—l (IE [W(Y W AP) (W, Y)D |

and at t = 0,
IB(P,
CZ P

~—

- (E [WWTDA (E [W(Y —WTa)g(W, Y)D :

which was also what we derived above. Getting back to estimating the asymptotic
variance V and proving efficiency first note that it is enough to provide efficiency bound
for estimating ' Va for any fixed vector a. This functional being scalar is easy to deal
with than the matrix functional. The expressions for calculating the efficient influence
function get more cumbersome in this case and so, it is easy to first prove a general
result and then prove as a special case.

For any ¢ € R and given functionals ¢;(-) and ¢2(-), define the functional,

Ya(Pr) = a’ [$1(P)] " ¢2(P) [61(P)] " a.

Suppose that ¢1(w,y) and ¢a(w,y) are the efficient influence functions for ¢ and ¢,
that is,

O (P)|  _ = pe(t) | _ -
81/' -0 - <¢1?g>7 a'nd at 0 - <¢279>

By definition, Ep¢; = Epgo = 0. We now differentiate 1, (P;) with respect to t to get
the efficient influence function for .

|

0¢1(F;)
ot

ra lo 0 (22 for (P

ot > [61(P)] " 62(P) [61(P2)] ' a
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Taking ¢t = 0 and using efficient influence functions, we obtain

a(t)
CLZ P

=2a" [p1(P)] " (61, 9) [01(P)] " 62(By) [01(P)] Fa+al [61(P)] " (2, 9) [61(P2)] ' a
- <2aT 1P 6 [P () [61(P)] - a” [61(P)] ™ 6 [on(P)] g>

Therefore, the efficient influence function for the functional 14(-) is given by

Ya(w,y) = 2a" [$1(P)] " 01(w,y) [¢1(P)] " d2(P) [¢1(P)] " a
+a' [ (P)] ! da(w,y) [o1(P)] " a

If 77 and T» are semi-parametrically efficient estimators of ¢ and ¢o in the sense that
1 = -
Ti=61(P) + — > 61(W Vi) + op(n /%),
i=1
1 -
Ty = 6a(P) + - > (Wi, Yi) + op(n1/?).
i=1
Then by formal expansion of inverse of matrices, we get
1 = -
Tt = 67! (P) + 07 (P) ) D d1(Wi. Yoo (P) 4 0p(n 7).
i=1
This implies that the estimator T, = aTTf 1T2Tf Lo satisfies the equation
1 o -
Ta = VaP) + — > Ga(Wi, Yi) + 0p(n /%),
i=1

and thus T, is a semi-parametrically efficient estimator for ,(P). Furthermore, this
also implies that

T Tt is a semi-parametrically efficient estimator for ¢1(P)™po(P)¢; H(P).
Getting back to V, take ¢1(P) = c(t)E [WW T K (tg(W,Y))] and

02(Py) = (O [WWT(Y = WTB(P))*K(tg(W. V)] -

Here the expectation is taken with respect to (W,Y) ~ P. We will now compute the
efficient influence function of ¢; and ¢s.

0¢1(F)
ot

=E [WWTQ(W,Y)} = (01.9), di1(w,y) =az’ —Ep [WWT} ’

t=0
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The sample mean estimator 7y = Y7, W;W,T /n has this influence function and so is
an efficient estimator.
Regarding the functional ¢o, we have

8@8(;%) =J(E [WWT(Y —WTB(P))2K (tg(W, Y))}
+e(F [WWT(Y = WTB(P)2K (tg(W, Y )g(W, )]
— 28 [T - WP T o kg )
Opa(P)
> _ -E [WWT(Y —WTa)2g(W, Y)}

_9E [WWT(Y _ WTa)WT} (E [WWTD_1 EW(Y — W a)g(W,Y)]
= ($2,9),
where G2(w,y) = ¢h(w,y) — Epg}(W,Y) and
#h(w,y) = 22T (y — w' a)? — 2E [WWT(Y - WTa)WT] (E [WWT} ) oy —wla).
Consider the usual estimator

1 o R
15 = - z;WJ/VZT(Yz — W, &)%

We already have the asymptotic linearity as
d=a+ (IE [WWT}Y1 Zn +o0p(n" 12, Z, = izn: Wi(Y; — W, ) = Op(n~Y2),
i=1
Substituting this in Ts, we get
IPES :sz; ww;" <Y’ ~Wla—-Ww;' (E [WWTDA Zn>2 T Op(”_1/2)

= ii W, (Vi = W, a)® — 2% zn: W, (Y — W, )W’ (E [WWTD_l T + 0y(n=11?)
Lt i=1

1 n
== WiW (¥ - W a)?
i=1

—2E [Ww (Y -wTa)w' | (E [WWTDA % zn: Wi(Y; — W a) + o,(n~1/?)
=1

1 _
= =D Oh(WiYi) + op(n 1),
i=1
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Therefore,

1 -
Ty — ¢o(P) = - Z bo(W5,Y:) + op(n_l/Q), and so is an efficient estimator.

=1

Finally, we arrive at the conclusion that the sandwich estimator of the asymptotic vari-
ance of the least squares estimator is a semi-parametrically efficient estimator of V.
Observe that T7 and 15 used above are same as B, ys and V,, ys respectively. O
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