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C Proofs: Identification

C.1 Non Identification in Data from One-to-One Matches

In this section, we show that a model with unobservables on one side of the market can rationalize any data

from a large one-to-one matching market under the following condition:

Assumption C.1.7 The primitives h, g, Fx ¢, Fz, are such that
(i) Frxyv(h,v) = P(h(X) <hlh(X)+e=v) = y(kh — v) for some function v and constant k, (ii)
F‘;l o Fy is a linear function, (iii) The functions h, g and fy(x))v are twice continuously differentiable, and

(i) € and n are independent of X and Z respectively.

As is evident, these conditions are satisfied in Example 2. The joint distribution Fxz produced by the
model in the example is identical to one produced by the following transformation model, X = ﬁz + 1y,
where n; ~ N (0, 1- %)

Proposition C.1.6 Under Assumptions C.1.7 and 2, any joint distribution Fx 7 can be rationalized in a match-

ing model with € = 0.

Proof. The proof proceeds by rewriting the matching model with € = 0 in terms of the transformation model
of Chiappori and Komunjer (2008). We will then use Chiappori and Komunjer (2008) Proposition 2, which
states that the transformation model is correctly specified.

In the matching model, quantiles of h (X )+¢ are matched with quantiles of g (Z)+7. We will use Proposition
2 of Chiappori and Komunjer (2008) to show that there exist increasing functions T, g, Fjy such that the the
transformation model

h(X)=T(3(Z)+n)

rationalizes any joint distribution Fxz from a matching model satisfying Assumptions 1 - 2 and Condition
C.1.7. This is model is equivalent to a matching model with h = T~' o h, ¢ = 0, and Fy, g. In what follows,
we will treat X and Z as known scalars with h (-) and g (-) as increasing functions of them respectively. This
simplification is without loss of generality since our we show that a positive monotone transformation h (-) and
g (+) exists that yields an identical joint distribution Fx 7.

Since X and Z are unidimensional, Assumption A3 of Chiappori and Komunjer (2008) is then equivalent to
independence of € and 7 from X and Z respectively, as maintained under the hypotheses of Proposition C.1.6.

Let the probability that a firm with observable trait z is matched with workers with h (X) at most h be
denoted ® (ﬁ, z) = Fhx)z (71, z) Note that

@(ﬁ,z) = /Fh(X)\V (B,F‘;lFU (g(z)+77)) an

_ /7 (kh — A(g (=) +m)) dF,
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for some constant A. The first equality is derived from the quantile-quantile matching of workers and firms and
the second equality follows from Conditions C.1.7 (i) and C.1.7 (ii).

First, we ensure that ® has continuous third order partial derivatives 93®(h, z)/0h0?z and 9®(h, z) /9*hdz,
and that 0®(h,z)/0h > 0. Conditions C.1.7 (iii) guarantees the existence of the required partial derivatives.
Further, since Fj,(x)v (h,v) is strictly increasing in h, we have that 0®(h,z)/0h > 0.

We now verify that ® (}_L, z) satisfies Condition C in Chiappori and Komunjer (2008), i.e.
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The partial derivatives of ® (B, z) with respect to h and z; are given by:

9% (h, =) /oh
0P (h,z) [0z

W = “/7'(Fﬂﬁﬂ‘l(g(z)+n))dza7
WA L A% [ o) ) an,

Note that 7/ exists since the existence of densities fx, f. and differentiability of & (-) implies that the derivatives
of Fyx)|v (ﬁm) exist.

Using the expressions above, rewrite
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The last equality follows since log ‘
We now show that equations (4) and (5) in Chiappori and Komunjer (2008) are satisfied. Since F,(x)v (h, 4 (g (2) + 1))
is a cdf, it is bounded, lim;,_,_ Fx|v (B, A(g(z)+ 77)) =0 and limy,_, ., Fj,(x)|v (ﬁ,A (9(2)+ 77)) =1 for each
z and 7. Hence, limy,_, @ (ﬁ, z) =0 and lim;_, @ (71, z) =1.
To verify (5), note that

0P (h,z) /Oh
0P (h, z) /02

dg (z)

A 821
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and log |«| do not depend on h.

99(=)

b od (a,z) /0x 0 (0,2) /0= da
o 0% (a,z)/0z 0P(0,z)/0x

h K —Adg (2) /0= da
o —Adg(z) /0~ K

h —_
= / lda = h.
0

Equation (5) of Chiappori and Komunjer (2008) follows since h (X) has full support on R.

By Proposition 2 of Chiappori and Komunjer (2008), there exist I, g, Fy that rationalize ®. m

C.2 Preliminaries

Since h (X) and g (Z) admit bounded continuous densities and are identified up to positive monotone transfor-
mation, it is without loss to treat « and z as single dimensional variable that are uniformly distributed on [0, 1].
Proposition 1 implies that this simplification is without loss of generality.

Let v = h () + €, where h (x) is strictly increasing with h (Z) =0, b’ () = 1 and let € be median zero with



den51ty fe. For quantile 7 € [0,1], let f- x (T,2) = w

= be the density on v = F‘;l (1) given x, where
v (Fy (T))
FV fF v—h(w))dFX

Lemma C.2.2 The function h(x) and the density f. are identified from fr, (1) if h(x) is differentiable and e
has full support on R.

Proof. Let ¢ (x,2') be the probability that h(xz) +¢& > h(a') + &’ given z and z’. ¢ (z,2’) is identified from

fr|z () since it can be written as

1
¢ (x,x') = /0 N ,fTIX (1,2) frix (7', 2") drdr’.

However, ¢ (z,2') can also be written in terms of the primitives h () and f. as

b (x,2') = / Fu(h(2) + ¢ — h (") f- () de

Taking the derivative with respect to x and z’, we get

% _ /fs )+e—h(z) fe () de
% _ /fg ) +e—h(a") fe (e) de

The ratio %/% is identified and is equal to —;LL, (J:,) Since ' (Z) = 1, ' (z) can be determined

everywhere. The boundary condition h (Z) = 0 provides the unique solution to the resulting differential equation

determining h (-).

We now need to show that F. is identified. Let R, (t) = P (h(z) +e < Fy;' (t)|z). R, (t) is known since
it is equal to fg Jrje () dr. Since Fy, ! is continuous and ¢ admits a full support density, R, (t) is continuous
and strictly increasing in ¢. Let 7* be the median rank of z, i.e. Rz (t*) = % Since ¢ is median-zero, h (z) =0
and P (h(z)+¢e < Fy/' (t*)|z) = 3, we have that F},' (t*) = 0. For any z, R, (t*) € (0,1) is therefore the
probability that h(z) + ¢ < 0 given z, i.e. R, (t*) = F.(—h(z)). Since h(z) and R, (t*) are known and have

full support on R, F. is identified. m

Lemma C.2.3 Suppose f. has a non-vanishing characteristic function and h (X) has full support on R. For
any function m (v), we have that [ f- (v —h(x))m (v)dv =0 for all x implies that m (v) = 0 a.e. Further, if
h(-) is differentiable and strictly increasing, then for any function m (z), [ f- (v —h(z))m(z)dz =0 for all v

implies that m (z) =0 a.e.

Proof. Note that

/fav— dv_/fe z)+¢)de

is a convolution of m (-) with —e. Since f. has a non-vanishing characteristic, so does f_.. Therefore, com-

pleteness follows from Mattner (1993), Theorem 2.1. Similarly, by a change of variables, h (z) = h, we have

that
/fev— dx—/fgv— (h) dh,
)

where M (h) = % Since f. has a non-vanishing characteristic, [ f. (v —h) M (h)dh = 0 implies that
M (h) =0 for all h. Since h is strictly increasing, this implies that m (z) =0 for all z. =
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For a function m, define the operator Ly 41 : L1 ([0,1]) — Ly ([0,1]) as Ly, (m) = [ f (z|q) m (q) dg where
f (z]q) is the conditional density of X given @ = q.

Lemma C.2.4 L,,|, is injective if (i) fo has a non-vanishing characteristic function (i) Fy is continuous and
strictly increasing and (iii) h(X) has full support on R. Further, Ly, is bounded, and L;‘Z 18 exists and is
densely defined.

Proof. We first rewrite the operator L., as a convolution:

zlq

/ f (zlg) m (q) dg
0
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where the first equality follows from a change of variables, the second equality uses Bayes’ rule f,, (z|v) =
%2{1@) and the fact that the distribution of z is normalized to uniform [0, 1], and the third equality uses
the fact that f,, (v[r) = f: (v —h(x)) and sets M (v) = m (Fy (v)). By Lemma C.2.3, M (v) = 0 for almost
all v. Since Fy is bijective, we have that m (¢) = 0 for almost all q. Therefore, f (z|q) is complete, and as noted
in Hu and Schennach (2008), hence that L,|,

Note that the (operator) norm of L, is at most

is injective.

sup

fe (v — ))
m€L1([0,1]) HmH1 A / fV Im (Fy (v))| fv (v) dvdx

= T ([ D) o o s )

= ||m||1/o Im (q)|dg =1

where we use a change in the order of integration by Fubini’s theorem, the identity fy (v fo fe (v —="h(x))dz,

and a change in variables ¢ = Fy (v).

As argued in the proof of HS, Lemma 1, to show that L;I; is densely defined, it is sufficient to show that
the adjoint Lilq is injective. Note that for any y in the space of bounded functions (dual of the domain of Lg,),
it must be that

<m Ly >—< g y) = /01 /01 falq (xlg) m (q) dgy (z) dz

- | 1 / i (ala)y (2) dem (q) da,

where we changed the order of mtegratlon using Fubini’s theorem. Therefore, Lx|q q) = fol Jalq (z]q) y (x) dz
Since fy|q (z]q) = W (F _1(q))f€( "(q) = h(z)) and fv (v) > 0, L$|q y(¢) = 0 for all ¢ € [0,1], implies that

fol fe(w—="h(x))y(x)der =0 for all v € R. By Lemma C.2.3, y () = 0 for almost all z. m
Define the operator Ly, |z, : L1 ([0,1]) — L1 ([0,1]) as Ly, z,m (21) = [ fo|e, (T1]@2) m (22) dzo for any
function m € Ly ([0, 1]).



Lemma C.2.5 L,,|,, is injective if (i) f. has a non-vanishing characteristic function (ii) Fy is continuous

and strictly increasing and (iii) h (x) has full support on R. Further, Ly, |, is bounded, and L;ll‘ exists and

Z2

is densely defined.

Proof. Note that

/Olfmwz (z1|z2) m (z2) dzy = /01 (/ ¥ xl,q|x2)dq> (2) d
(

1
/ / fx1|q xl‘q qu.L2 (Q|x2) dq) (:L‘Q) dzo
0

= /01 </leu (z1]v) fole, (v |$2)dv> (z2) dzo

= // felv ))fum( |z2) m (22) dzadv

/fE fv (/ fe (v ))m(:vg)d:c2> dv

where we use (i) f(z1,qlz2) = f(z1|q,22) fgjzs (@l22) = fo,1q (%1]0) fqlz, (qlz2), (ii) a change of variables
Fy (v) = q, (iili) fo,}0 (z1]v) = M?Viw, fales (Fv (v) |22) = f%@)fvm (v|x2) and (iv) a change in the or-
der of integration by Fubini’s theorem.

By Lemma C.2.3, f. (v — h(z1)) is complete, and consequently, fol Jar)zs (T1]|T2) M (22) dT2 = 0 implies
fv(v fo fe (v —h(z2)) m(x2) dxe = 0 for almost all v. Since fy (v) > 0, we have that fol fe (v —h(z2)) m(x2)dae =
0 for almost all v. A second application of Lemma C.2.3 implies that m () = 0 for all z (Lemma C.2.3). Hence,
fa1]zs (T1|22) is complete, and as noted in Hu and Schennach (2008), completeness implies injectivity.

Note that the (operator) norm of Ly, |,, is

mezsz?l[jo 1)) ||ml1 /1 /fE (v—h (ml)) ; (/01 fe (v = h(z2))[m (22)] da:2> dvdaz;
B mezzl [0 1) ||mH1 / /(fv / Je (v ))dx1> Je (v = h(z2)) dv|m (z2)| das

— s —/ /fa(v—h(wz))dvlm(wz)ldxz=17
meci(04]) Imlly Jo

where we use (i) change in the order of integration by Fubini’s theorem, and (ii) the identity fy (v) =

1
fo f € ( )) dzxy.

As argued in the proof of HS, Lemma 1, to show that L ‘w
the adjoint Llllz2 is injective. Note that for any y in the space of bounded functions (dual of the domain of

Ly|q), it must be that

<m7 Lysjas¥ >: (Loyfeamny) = /01 (/01 (/Olle|q(a:1|q) falzs (Q|$2)dq> m(xg)d@) y (z1) dy
/01 (/01 (/01 fa11q (#1]9) fgjas (ql22) dQ> y(w1)d331) m (w2) dzs

where we changed the order of integration using Fubini’s theorem. Hence,

su HLCEllﬂﬂzmHl
p TR
meLy([0,1]) HmHl

IN

is densely defined, it is sufficient to show that

Ll |,y (22) = /01 (/01 ferlq (#119) fo)es (Q|l’2)dQ> y (z1) dzy.
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The arguments made above for L, |,, also imply that Ljﬁ1|ﬂ?2 is injective. m

For a function m, define the operator L..; |,, as

1 1
Lo fown (1) = / / Futa (21) Fort (211) Foton (gl2) m (22) dagdas

where [, (2|q), fz,)q (1]q), and fg|5, (g|22) are the conditional densities of the respective random variables

Lemma C.2.6 For any Borel set A C R, let P (A) = Lm1|qIAL;11|q and Ixm (q) = 1 (f2q (2lq9) € A) m(q). If (i)

Lg,|q 15 a bounded invertible operator (ii) L;ll‘q is densely defined and (iii) L *

. exists and is densely defined,

then P is the unique projection-valued measure for which T = Lz;w1|w2L_1 = [ AP (d)).

z1|Ta

Proof. Hu and Schennach (2008) (henceforth HS) show that L., |z, = Ly
L

1|qAZ;qL;11|qL$1 |z, and therefore T' =
21 | ;11|:r:2 = L-’El‘qAZ§qL;11|q where A.;m (q) = f.|4 (2lg) m (). This allows them to re-write T = [ AP (d)).
HS show that 7' = Lz;zl‘sz;fm

Dunford and Schwartz (1971) since, under Assumption HS.1 f|, (z|q), is bounded, and therefore T" is a bounded
operator. However, f.|,(2|¢) may not be bounded in our case. We therefore appeal to Corollary XVIII.14 in

has a unique resolution of the identity by appealing to Theorem XV.4.5 in

Dunford and Schwartz (1971), which shows an analogous result for unbounded scalar type operators. The
result applies to our model if the projection-valued measure P is strongly countably additive, thereby satisfying
Definition XVIIIL.10 in Dunford and Schwartz (1971)

To complete the proof, we need to show that if A; is a countable sequence of disjoint Borel sets, then
n
-1 -1
P(UL1A) = Layjglop ai Ly g = Lanjg <Z IAi) Lailg
i=1

converges to P (U2 A;) = Ly, o luse A, L;ll‘q in the strong operator topology. Equivalently, we need to show that

-1

. . 1 1 .
for any integrable function m, HLmIqIU?:lAiL m — Lzl‘qIUiOiIAiLxllqu — 0. Since LI1|

z1lq

g 18 densely defined,
it is enough to show this for any m in the domain of L;l'

Let m = L;l m, and note that

q

tlq
o0
(Topas = Tuea,) (@) = Y 1(fa (2la) € As) i (g)
i=n+1
converges pointwise to zero since f.|, (z|g) can live in only one set A;. Since 7 is in the domain of L4, m

is integrable. By the Dominated Convergence Theorem, we have thatH (IU;‘ZlAi - IUfilAz') m|| — 0. Now, note
that

-1

m-= Lxl‘qIUzQilAiLmﬂq

Layjq (o yn: = Tz, 0) L

1
z1|q z1lq

HL”C“‘?IU?:NHL?

< [ mgall | Gorn = Tz a) L

z1lq

-1

where HLII‘QH is finite since L,,|, is bounded. Further, since m = Lwl‘

M the right-hand side converges to
zero. W

Our final preliminary result will use the following condition on f,, (7|q):

Condition C.2.2 (i) For all ¢; # ¢5 € [0,1], the set {x: fyq (@]q}) # fu)q (z]a3)} has positive probability
under fo. (ii) fyq (2]q) continuously differentiable in q. (i) for all ¢ € (0,1), there exists an x, such that



94 N . B .

/; —=l (xm 7é 0. (w) falg) =1{qg € [0,1]}. (v) fol falq (xlq) m (q) dg = O for all =, implies that m (q) = 0. (vi)
Lemma C.2.7 Consider two conditional densities q(x|q) and f, (z|q) satisfying Condition C.2.2. If there
exists a bijection Q : [0,1] — [0,1] such that f; (x|Q (q)) = £, (x|q) then Q is the identity.

Proof. We will show that if there exists a reindexing fx|q (x]q) of ¢ via a bijection @ : [0,1] — [0, 1] such that
fm|q (2|Q (q)) = fz/q (z]g) (Assumption 4 in Hu and Schennach (2008) requires @ (¢) to be injective on [0, 1] and
the support assumption in the hypothesis implies surjectivity). If f; (¢) = 1 and f;(§) = 1, then @ (-) is the
identity.

By the assumptions of the theorem,

r) = / fulq (@l) dg = / Fula (@la) dg = / fola (21Q (2)) dg

A change of variables, ¢’ = Q (¢) yields that

/fz‘q (21Q (g dq—/ fulq (2lg') Q1 /fx‘q @) 5T (,)) af.

The second inequality follows from the inverse function theorem. Differentiability of ) follows from the implicit
function theorem: @ (q) is defined implicitly from fmm (#|Q (q)) — fz/q (z]g) = 0, where for every @ there exists

an z such that fxlé ()@ (q)) has a non-zero derivative under the hypotheses of the theorem. Hence,

/0 o (ala) da — /0 s (01Q (0)) dg = 0 = /0 ' ela) (1—M) dg = 0.

By Lemma C.2.4, for all ¢ € [0, 1], (1 - ) = 0. Therefore Q (-) is the identity since Q' (¢) =1. m

D Detailed Proofs: Estimation

D.1 Lemmata Used in Proposition 3

We will use the following lemmata for the result, which are stated, for each dimension of . We omit the

dimension index for notational simplicity. Define gn.v (¢) = Fv (F‘;N1 (¢)) and qn,u (q) = Fu (F[j; (9)).

Lemma D.1.8 Suppose that fv and fu are continuous, and I'x and I'z are respectively px and p, Donsker.

The stochastic process defined by
\/N(QN,V (ax) — ax)
N/2(qnu (9z) — qz)
VN (MXN - MX) (vx)
N/2 (MZN - MZ) (vz)

indezed by qx,qz € [0,1], vx € T'x and v, € Tz is asymptotically equivalent to the empirical process

VN (M(X,E)N - HX,E) (1{h(z;600) +c < F," (ax)})
N/2 (Mz,n)N - ﬂz,n) (1{9(z00) +n < F;' (42)})
\/N(MXN - MX) (vx)
N/2 (#ZN - #Z) (Vz)

9
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which converges weakly to the mean-zero Gaussian process with covariance kernel given by

Qgx,qz) = Qaz,7x) =Qax,72) = L(vx,72) =

Qaz,72) = bz (721{9(2390)+77§FU }) iz (Vz2) Bz, (1{g(2:00) + 1 < Fy ' (42)})
Qax,7x) = bxe(rx1 {h(z;00) +& < Fy/' (gx)}) — px (vx) ) bx.e (1{h(z; 100) + < Fy'' (gx)})
Qvx:7x) = ux(vm’x)*ux(w)ux(w)

Q(vz7%) = w2z (27%) bz (Vz) iz (Vy)

Qax,dx) = pxe (L{h(z;:00) +e < Fyt(gx)} L{R(z;:00) +¢ < Fy ' (d%)})

—pix o (L{h(2:600) + e < F,' (gx)}) pxe (L{h(x3600) + 2 < F, ' (dx)})
Q(1z.47) = g, (1{g(z:00) +1 < F;' (a2)} 1{g(z:00) +n < F;' (d5)})
—piz, (1{g(2:60) + 1 < F;' (az)}) iz, (1{g(2:60) + 1 < F;' (d2)})

where QX,q/)( € [07 1]7 QZ#I/Z € [07 1]7 7X77iX € 1—‘)( and 7Z77/Z € ]-—‘Z'

Proof. Note that Fy, (F, ! (.)) is the empirical cumulative distribution function of a uniformly distributed
random variable, and gy, : [0,1] — [0,1] is its associated quantile function. Therefore, Fy, (Fy, ' (.)) satisfied
the assumptions for theorem 4 of Csorgo and Revesz (1978). This theorem implies that

VN s [Py (Fy () = Bv (Fy ()] = [Fv (Fyy (@) = Fv (Fv T ()] = 0p (1)

Since gn,v (¢) = Fv (F‘;N1 (g)) and Fy (Fy ' (q)) = g, we therefore have that

VN s [[Fvy (Fy" (@) = Fv (Fy ' (@)] = lavv (@) — al| = 0, (1)

By an identical argument,

\/g sup |[Fuy (Fi' (@) — Fu (F7' (@)] = lavo (@) — dl] = 0p (1)

qe[0,1]

Note that
Fyy (Fy ' (q)) = Fv (Fy ' (9) = (u(x,g>N - Mx,a) (1{h(z;00) +e < F ' (9)})

and
Fuy (F7' (@) = Fu (F; ' (g) = (ﬂ(z,n)N - Hz,n) (1{g(2:600) +n < F;' (@)}) .

The result therefore follows from the functional central limit theorem, since the first and last two components
of
VN (exy, = ixe) (1{h(@300) + < By (ax)})
VN (HXN - NX) (vx)
N/2 (“(Z,n)N - Mz,n) (1{g(2:00) +n < F;' (a2)})
N/2 (MZN - MZ) (vz)

are two independent empirical processes index by ux . and py, Donsker classes. ®

Lemma D.1.9 (i) If Assumption 4(i) is satisfied, E (¢ |py, » iy ) —t% converges in probability to 0 as N — oco.



(ii) If Assumption 4(ii) is satisfied, then for any bounded py-Donsker class T'x and bounded p,-Donsker

class 'z,

( (¢N|MVN7MUN)

VN (
N

is asymptotically equivalent to the process

\/Nfol Vlzjq (Q7 q, q) :

H’(X,E)N
/‘L(X,E)N

(M(Z:”])N

Hxy —
(N’ZN

- ,LLX,E
- /J’X,s

Mz

v)
) (vx)
) (7z2)

(L{h(z;00) +e < F"
(1{h(z;600) +e < Fy"
(1{g(z:00) +n < Fy'

\/N (MXN

- /~LX) (vx

)

N/2 (MZN

—Mz) (v2)

which converges weakly to a mean-zero Gaussian process with covariance kernel given by

V' (vx,72) =
V' (ve,v7) = \f/ 3(92,92,92) Q2 (qz,72) daz
V' (ve,vx) = /(1/) (qx,qx,qx)+1Lq,2(qx,qx,qx))Q(qx,vx)dqx
0
1 1 N B
v’ (’Y\IM’Y\II) = / / (wq,l (qX,QX7 qX) + Ilpq,Z (ar QX,QX))
0 0
(D (dhc s ) + Dy 2 (ds ais ) ) @ ax, ) daxday
+2// 5(a2.42,02) Vg3 (a5, 47, d%) (a2, dy) dazddly
Vv Yx) = Qv vx)
V/(’YZv’YIZ) = Q<’7277z)7

where vx,Yx € U'x, 74,75 € Tz and vy indexes \/N(E (Unltyy buy) —)-

Proof. The quantity F (¢N|MVN , NUN) can be computed by using the fact that for all 1 < k < J, the k’th most
desirable firm is occupied by the 2k-th and the (2k — 1)-th most desirable workers. By definition, the conditional

expectation of W (x1, 29, 2) given py, , piys, for the k’th desirable job is w ( (ZkN 1) F‘;A} (%) ,FJ}\II (Nim))
where Fy, and Fy, are the cdfs representing the empirical measures py, and py, respectively. Therefore,
1 & 2k — 1 2%k k
~ —1 - -1 -1
E(’(/}Nll’LVNnuUN) N/Qk_1w<FVN ( N )7FVN (N)’FUN (N/Q))
1 & i i i
~ -1 -1 -1
= 20 (FVN <N> o (N> JFy <N>> +R. (D.1.23)
i=1



where

1~ (. (2k (2K .
Y (FVN <N) Fy <N) Fuy

Our proof of part (i) proceeds by showing that R — 0 and that

i (i () ml (5) Fl (5) ) e o (D.1.25)
=1

The proof of part (ii) is analogous. It characterizes the limit distribution of

(e (5) o ()72 (7)) -

under stronger assumptions.

?\’;) } . (D.1.24)

Proof of Part (i): We begin by bounding the absolute value of R in equation (D.1.24) using the triangle

inequality as:

N/2
1 - (2k—1 (2 (2
< iE h— - -
|R| = Nk_1w<FVN( N )7FVN (N)?FUN N
~ 2k 2k 2k
—1 —1 —1
- (FVN (N) Fn (N) Fo (w))’
N/2
1 o (2k—1 L (2kN o (2K
P ¢<FVN< N )vFvN (N)’FUN (N

5 ))
() () m (5)))

For any § € (O7 %), we have that:
1 ~ 2k — 1 2k 2k
ek E ) () ()
N [6N/2]<k<|(1—0)N/2] N N N
~ 1 [ 2k 1 [ 2k 4 2k
—) (FVN <N e N Foy N
1 ~ 1 (2k—1 _1 2k _1 ([ 2k
¥ o () () (5))
o (2k—1\ oy (2k—1\ ., (2
_¢ (FVN < N 7Pva N ’FUN ﬁ

[6N/2]<k<[(1-8)N/2]
+46 [Vl

= R+46|V. . (D.1.26)
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Since 7:/1 is Lipschitz continuous

~ 2k —1 2k
R<  su 9] [ Fyl ( ) — Byl <)H , (D.1.27)

[1s]<k<|J(1-8)) | 1LC N N
where ‘&‘LC denotes the Lipschitz constant. By Example 3.9.21 in van der Vaart and Wellner (2000), for all
[6N/2] <k < |(1—0)N/2| |Fy, (%N L) — FVN (%\’;)} converges in probability to 0 uniformly in k& (Assumption

4(i)b. implies that fy is contmuous with full support). Therefore, since R > 0, it converges in probability to 0.
Now, we show that the difference in equation (D.1.25) converges in probability to 0. Note that Fy, is

k —1

constant on each interval [4-1 /2, . /2) and Fy, is constant on [+, ). Hence,

N
= /OMFJNI(QLFJNI(CJ),FJNl (q))dq—/0 o (Fy ' (9), Fy ' (@), F ' () dg

where § € (0, %)
We now bound 77 and 75 in terms of §. Since ||V|| < oo, |T3| < 40 ||¥]| . To bound T7, note that

1— 5 B B
ITl'/ VU (Fy ) Fyl(a), Fpl(a) = (Fy ()F\71(Q),F51(Q))}dq

IN

/5 }w(FV; (@), Fyl (@), Fy (@) =¥ (Fy ' () Fy ' (g), Fiy ! (q))‘dq

s [P 005 0,55 @) = 0 (7 @77 @75 @)

I e @R @) Foy () - (7 (0.7 (0). F5 (@) (D.1.29)

IN

IN

Combining equations (D.1.23) - (D.1.29) and the bound on Ts, we have that

|E (¢N|/~‘VN7NUN) - 1/J|

L ea -/ (i (i B
< N;¢<FVN (N>7FVN <N>aFUN (N)) — Y|+ |R|
< T+ Tl + R + 4519
< fb‘ sup [ (Fyd (@), Fyd (@), Fyrp (@) = (B (), ' (9) Bt (9)) |+ 88 ||, + 0, (1)

LC 4e(,1-4]

since |Ty| < 46 ||¥]|, and ‘R’ =0, (1).

11



We now show that |E (1/JN|uVN, uUN) - 1/J| — 0 in probability as N — oo. Fix e > 0 and choose § = 16”§,” .
By Example 3.9.21 in van der Vaart and Wellner (2000),

e |(Fyl (@), Fyl (@), Fyl (@) — (Fy (@), By (0) Fp ' (9)]

converges in probability to 0 (Assumption 4(i)b. implies that fiy and fy are continuous with full support).
Hence, for sufficiently large N we have

" (W\cheéﬁpﬂ () @) B (@)l @) = (7 @8 (@) By (@)] > 2) o

This implies P (|E (wN|,uVN,,uUN) — 1/)’ > 8) < g, proving the desired convergence in probability to 0.
Proof of Part (ii): Let gn v (¢) = Fy (F‘;A} (q)), anu (@) = Fu (FE; (q)), and

U, (q1,02.93) = ¥ (Fy " (1), Fy ' (a2)  F ' (03)) -

Equation (D.1.24) can be rewritten by using this notation as

N/2

® o= g el (5) v (5) o (772))
i (o (Y (257 v (1))
i (o () (%) o ()

By the triangle inequality and the assumption that "lZJq has a bounded derivative,

N/2
1 ~ 2k —1 2k
'RSNkZ_lHWqHJ‘QN’V( N )‘q” (N)‘

Since gn,v (¢) is monotonic in ¢ and has range [0, 1], we have that

% 2k —1) 2k
qnN,v N anN,v N
k=1
~ NZ/Q 2k —1) 2%
= qn,v N aNv N
k=1
< 1.
Therefore, since HV@Q < 00,
o] 1 ~
VN |R| < 7% vaq _—0 (D.1.30)
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Now, we compute the limit distribution of

By Taylor’s theorem,

{ﬁ (avv (@) anv (@) sanvw (9) — JJq (¢,4,9)
= ¥,1(0,0,9) (avv (@) — q) + g2 (0.0.9) (avv (0) — @) + Uy 3 (4.4,9) (av,v (@) — @) + Ry

Since,

sup|Ry| = 0 (sup lanv (@) — dll + sup law.v (@) — all + sup llaw.or (a) — q) ,
q q q q

we have that \/Nsupq |Ry| —p 0. Therefore,

VN (E (Unltvy s by ) — )

(5850 (5 (5) 2 () 51 3) ) o
an,v (9) — ¢

1 ~
\/N/O VY, (2,4,9) | anv (q) —q | dg+o, (1),

qN,U (@) —q

showing the required asymptotic equivalence. Lemma D.1.8 characterizes the limit distribution of

\/N(QN,V (gx) — ax)
N/2(qvv (qz) — qz)

VN (MXN - MX) (vx)
N/2 (MZN - MZ) (72)

indexed by qx,qz € [0,1], vx € I'x and v, € I'z. Therefore,

( ('L/}N|/~LVN7/1'UN) 1/1)
( ) (7x)
F (MZN ) 72)

converges to a mean-zero Gaussian process with covariance kernel V/. =®

Lemma D.1.10 (i) ¥y — E (¥ n|py, . iy, ) converges in probability to 0 if |||, < oo
(ii) Suppose Assumption 4(ii)b is satisfied. For any bounded functions vx . on the domain of (X,e) and
Yz, on the domain of (Z,7),

N2 [x = B (bl vy ) s (e, — #xe) 02) s (Beza,, = 1za) (12)]
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converges to a multivariate normal distribution with mean 0 and covariance kernel

Jo vargw (a,a,9)dg [y covy (W, vx la,q,a) da [y covg (¥,77,la,a,q) da
v (Yx:7z7) = fol covy (\IJ, '7X,s|q’ q, q) dq %Va/r ('VX,e) 0
1
Jo covg (9,727,419, 4,9) dg 0 Var (vz,)

Proof. Let v and u(®) be k’th order statistics of worker and firm desirability and let (X(k),e(k)) and
(Z(k),n(k)) be the corresponding observations drawn from BX e and Bz e respectively. We will use
J = N/2 in this proof. Rewrite:

(N (1/JN\MUN7MVN = (Z\If (X(Q’f 1 x(2k) Z()) {b( (2k—1)’v(2k)’u(k)>>.

Proof of Part (i): The conditional variance of 1y — E (¢ |1y s vy ) given (py . pyy ) is

2
%E (i N, (X(2k71)’X(2k)7 Z(’c)) _ 72’ <v(2k1),v(2k),u(k))> Ly Ko

i=1

_ % ZE ((\I} (X(Qkfl)vX(%)’ Z(k)) P (U(Zkfl)vv(%)’u(k)))z

< 4y

MVN7MUN>

where the first equality follows from conditional independence.
However, since 9y — (¢ Nk MUN) is by definition mean zero, it follows that the unconditional variance of
Uy —E (Ynlpyy, by, ) is bounded above by +4 ||\I'|| , by the law of total variance. By Chebychev’s inequality,

Vi (ZZ’N - F (¢N|/“LVN7IJ“UN)) = Op( ) and thus ¢ — (¢N‘:U'VNMLLUN) = 0p (1).
Proof of Part (ii): We will show that the random variables

J
1 .
Uy — B (Unltvg, b)) = 5 (Z\p (X(Qkfl)’X(%)’Z(k)) —3 <U(2k1)7v(2k)7u(l€))> 7
k=1

2J
1 ,
(M(X75)N - MX,E) ('YX,E) = ﬁ Z’yXﬁ (X(k)ag(k)) ) (’7X,s) ’ and
k=1
1 J
(:u(Z,n)N - NZ,V]) (’YZ7 77) = j Z’YZ,n (Z(k)a 77(k)> -FK (FYZa 77) ) (Dlgl)
k=1

are jointly asymptotically normal. The latter two random variables are jointly asymptotically normal by the
standard CLT. We will characterize the joint limiting distribution of these three random variables by calculating
their joint moment generating function and comparing it with the moment generating function of a normal
random variable. We do this by computing the limiting variance-covariance matrices of the first random variable
with each of the other two (note that the second and third random variables are independent), and then using
a Taylor expansion of the moment generating function to show that the leading terms match the moment
generating function of a normal random variable and that higher order terms are asymptotically negligible.
The sample variances of 7 x . and 7y, and their covariance converge in probability to Var ('y X, E) , Var (7 Z,n)

and 0 by the standard law of large numbers.
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To show that the sample variances converge, we show that the second moment of the sample variances (of
the random variables above) converge to 0. If these variance of the sample variances converge to 0, then the
relevant sample variances will converge in probability (by Chebychev’s inequality). To bound the variance of

the first sample variance, by the law of total variance, rewrite

Var (}]ZJ: {\If (X(qu)’X(zk) ) 7:/}( (2k—1) (2k)’u(k))}2>

_ 1y (i Var [\1, (X(Qk‘l),X(%), Z(k)) _ 3 (vmk—l)m(zk)w(m) ‘ Nw#wf)

+Var G zJ:E [\IJ (X@’“*l),X(Zk), Z(’“)) — 9 (v@’“*”,v(?’“), u(k)> ‘ ,UVNMU'UN]2>

To bound the variance of the sample covariance of the first and second random variables, rewrite

J

k=1

Var (1 XJ: [q, (X@kfl),X(zk), Z(k)) —J (U@H), (), u<k>)}
[;’YX,E X(2h1) (2= 1))+;7 (X(2k)76(2k:)) E(’YX’E)D
Lo(y @k=1) x(R) 70 _ 7 (k=1 4 (2k) (k)
B (3 var { [ (0.0, 20 < (o500, 0
[1%(,5 (@0, g0 4 %VX,g (x@,600) — p (’YX,E)} qu,uUN})

2
Var (} ZE { [ (x50, 0, 700) — (o250, 20, )]

1 _ _ 1
[2%(’5 (X(Qk D 2k 1)) + 3% (X(Q’“%s(%)) -FE (’7){,5)} Nva“UN})

= Ri+ Rs.
To bound the variance of the sample covariance of the first and third random variables, rewrite

Var(
1

+Var

Sl
M~

{\IJ (X(qu),X(zk)’Z(k)) b ( (26-1), (2k),u(k)>} [’Yz,n (Z(k)’n(k)> _ EVZmD

>
Il

1

M&

E

=1

Sl

k=1
= Vi+ Vs

Note that T}, R; and Vi are the sum of J bounded terms divided by J? and hence converge in probability to

0. To show that T5, Ry and V5 converge in probability to 0, we compute the relevant conditional expectations.

15

XJ: E{ [\1, (kafl), X(zk),Zu@)) 1;( (2k—1) <2k),u<k>>] [VZW (Z<k>,n<k>) _ E’Yz,nH Ly uUN}

Var{ [\Il (X(Qk—l)’X(Qk)7 Z(k)) —3 (,U(Qk—l)7,u(2k)7u(k))} {72,77 (Z(k)ﬂ?(k)) _ E’Yz,n} ‘ NVNaNUN}>

)



For Ty, we have that

~ 2
E (\I, (X(Qk—l)’X@k)’ Z(k)) ) (U(Qk—l)’v@k‘)’u(k)) ‘ MvNaNUN) =0

|
MK

k=1

since

B (3 (15500, 20) (o) )
- E (q; (X(2k71),X(2k),Z(k)) |HvNaHUN) B {d) ( (2b=1) 4, (28) y( > v 21@71)’7](21@)#(@}
E {1], (U(2k—1)7 (26) 4 ) |U(2k—1),v(2k),u(k)} _E [{ﬂ (,U(Qk—l)’v(Qk)’u(k)) |,U(2k—1)’v(2k)’u(k-)} —0

by definition of .
For later calculations, it will be useful to compute the variance of ¥ (X(%_U,X(Qk')7 Z(k')) conditional on

/’LVNvl’[’UN'

NVNMU’UN> - ({b( (2k=1) (%)#(k))‘HVNaHUN)z]

} ZJ: {E <q, (v, x, Z<k>)2

k=1
12
— jzmr (q,w(% D) _(2k) 4, ( ))
k=1
1
- EZ(WT (\Iflv 2k) ,(2k) (k)) T var <\I/|11(2k 1) ,(2k=1) (k)))
k=1
1
752( (\If|v(2’c vk u(k)) var (\I!|v Zk=1) 4y(2k) u(k)))
k=1
73 ) - )
——Z var (W=D =) B _ o (W)oED (2R ) (D.1.32)
2J =~

The first term in the summation is

J J
% (Z var (\I/|U(2k)7v(2k)7u(k)) + Zvar (\I,|,U(2k—1)7v(2k—1),u(m))

k=1 k=1

= /o varg (Ylgn,v (@) ,qn,v (9), qn,u () dg.

Since |||, < oo, by the dominated convergence theorem,

J J
% (Z var (\I;‘v(%)’ (2R, u(k)) +3 var <\I,v(2k1),v(2k1)’u(k))>
k=1

k=1

1
- / varq (¥|q, q,q) dg (D.1.33)
0
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almost surely. Note that

J
1
57 Z var (\p|v(2k),v(2k)7u(k)) ~ var (\I/|U(2k—1),v(2k),u(k)>
L0
< |= 21,,(2k) 4, (2k) (k)) _ ( 2), (2k—1)  (2k) (k))
< |57 2B (W, 0 E (2[p=1 y20) 4
k=1
+ iiE (\Il\v(%) el u(k))Q _E (\I,|v(2k—1) (2 u(k))2
2J ’ ’ ) )
k=1
AT
< = Z/ ( (\1,2 > C|U(2k),v(2k),u(k)> _p (‘1,2 > C|U(2k—1),v(2k),u(k)>) de
2J k=1
| @] T v
1P leo Z/ ( (q, > C‘v(%)’v(%)’u(l@)) _p (\I, > C‘v(2k71),v(2k),u(l¢)>> de
k=1
-0 (D.1.34)
since
F (\112 Z C|U1’ vz u> - /1 {\I/ (x17x2’ Z>2 Z C} dl’(’X1|vd/J/X2‘U2dMZ\u

J1{W @122 2 e} fo (01 = B (@150)) [ (02 = B (@2:0)) fy (u = g (:0)) diue, dpi, dii
S fe (o = h(x1;0)) dpy [ fe (v1 — h(22;0)) dpx [ fo (u—g(20))dux

is continuous in vy, ve and u (implied by Assumption 4(ii)b), and || ¥|| < oo
Therefore, by equations (D.1.32), (D.1.33) and (D.1.34),

1
qu,uUN) —>/ var (Y|q,q,q)dg (D.1.35)
0

}EJ: E ((qj (X(?k—l),X(%), Z(k)) _3 (U(2k—1)’v(2k), u(k)>)2
k=1

almost surely.
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Similarly, for Rs,
(\1, (X<2’f—1>,X(2k>, Z("')) — 9 (U<2’f—1>,v(2k>,u(’f))>

— — 1 v
X (2k 1),5(% 1)) + 57&6 (X(Qk),e(%)) —F (’yX,g)] ‘ MVNvﬂ'UN}

N =
)
x
™
— ~/~ —

(\p (X@k—l),X(?k), Z(k)) — 3 (v(%_l),v(%),u(k)>)

k
1 1
Sxe (X(Zkfl)’E(Qkfl)) 4 Sxe (X(Qk)’E(Qk))

1 _ — ,
_§E |:’YX,E (X(Qk 1)a€(2k 1)) +7X,5 (X(Qk)75(2k)))/~LVNaMUN}> /J'VN’MUN}

>
Il
—

J

1 1 _ ~

+=3 0x <2E [yx’g (X(z""' 1) o2k 1)) +xe (X@’“),s(z’“)) ’ FLVN;/J'UN} ~-E (vx,g)>
1

= / covy (\I/,7X)6|q,q7 q) dg+o(1) (D.1.36)
0

where the last equality follows from arguments identical to showing equation (D.1.35) and

cov (\I/,7X76|v1,112,u)

1 1
= /\I] (21,22, 2) <2’YX,5 (z1,€1) + §7X,s (IE2,62)> d'LL(Xl751)\U1du(X2,€2)|U2d'u’Z|“

1 1
- / VU (21, 22,2) dﬂxl\vld/ﬁxz\mdﬂzm/ (2’7)(,5 (z1,€1) + 5%{,5 ($2,82)> d#(xl,el)\vldM(X2,52)|vg~

Similarly, for V5, we have that

e
I
—_

[l
Il
—
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Note that these three calculations imply T5, R, and V5 are variances of bounded random variables which
converge in probability, and hence converge to 0. It follows that the sample variances converge in probability
to their mean, which we now compute.

By the law of iterated expectations and arguments identical to showing equation (D.1.35),

1 ~ i 2
EjZ( ( X k-1 x(2k) Z(k)) —w<v(2k_1),v(2k),u(k)>>
k=1
1< ~ 2
_ EJZE{( (0, x @, Z0) (42D, 20,40 qu,uUN}
k=1
1
= /var(\ll|q,q,q)dq+o(1) (D.1.38)
0
and
% Z]: ( (X(2k—1)’x(2k)7z(k)) 3 (U(2k—1)7v(2k)7u(k))) [%’YX,E (X(Qk—l)’g(zk—l)) i %’YX,E (X(Zk)75(2k)) _E (Wx,s)]
_ 1 J (2k—1) 3 (2k) (k) ~ [ (2k—1) _(2k) . (k) 1 (2k—1) _(2k—1) 1 (2k) _(2k)
= 55 3 m{ (s (VX0 20) =g (SO0 [Fe (KO0 4 S (x5 0) = ()| v |
- ./olcov“(‘I"”X=€‘(q’q"Z))dq+°(1) (D.1.39)
and

E

Sl
M~

(\I, (X<2’f*1>,x<2k>,z<k>) — (v@kfl),v(%),u(k))) {WZW <Z(’“),n(’“)) _ E'VZ,n]
k

Il
—

= E;;E{ (\I, (X(2k—1)’X(2k)’ Z(k)) —3 (U(Qk—l)’v(%)’u(k))) [Wz,n (Z(k)777(k)) B E’Yz,n} ’ MvNaMUN}
= /01 covg (Y, 72.,149,4,q) dg+ o (1) (D.1.40)

This characterizes the asymptotic variance of the random variables in equation (D.1.31).
We now characterize the limiting distribution by computing the limit of the moment generating function.

For arbitrary C7,Csy,C3 > 0 we must compute

E (exp C1 [1/11\/ —-F (¢N|NVNaNUN)] +Cy (/i(X,s)N - ) (’YX e) +Cs ( H(Zm) /“‘Z,n> ('VZyn)> :

Fexp ({01\/3 [wN -F (/(/)N‘ILLVAM/J’UN)} + CQ\/j <M(X’E)N - NX,s) ('YX,E) + CB\FJ (’u(Z,n)N - /~LZ,77) ('}/Zm)})
= Fexp— (Z Cq ( (X(2k71)7x(2k)7z(k)) _ 11) (U(2k71)7v(2k)7u(k))>

i () s () ] e (7))

= ET_ exp— 77 (Cl ( ( (2’“—1)7)((2’4)72(16)) — 9 (U(%_l),v(%),u(k)))

e (X8080) o (209.0) - B )]+ i (20) - 1]
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By the Law of Iterated Expectations, this equals

E [E [Hk 1exp\r (01( (X(2Ic D x(2k) Z(k)) {b( (2k=1) ,(2k) 4 (k )))
+C, [ (X(Zk 1) (2= 1)) 27 (X(2k) e®)) — B (yx. } +Cs [727, (Z(m,n(k)) E(’Yzm)})‘u\/Nv“UN]]

)-

ENj_,E [exp Ve (Cl( (X<2k b, x 2k Z“f)) (v@k D (20 4 ))
)-
)-

. ), L
+02[ 7XE(X(% D 2k 1>) +37x, ( X0 @0 F (y, } +Cs {72,7; (Z<k>,n<k)) —E(Wz,n)D‘MvaMUN]

( (2h=1) <2k)7u<k>))

_ _ 1 . ,
+C2 |: ’yXe (X(2k 1)76(2k 1)) + §7X,5 (X(2k)7‘€(2k)> -F (’YX75):| + C(3 |:7Z,7] (Z(k)ﬂl(k)) —FE (72,7}):|) ‘ MVN7MUN:|

EeXleogE {exp 75 (Cl ( (X(Qk D, x(@k) 7 (k)

where the first equality follows from conditional independence of the terms k and [ # k. Replacing the inner

exp (z) by its Taylor expansion exp (z) = 1+ z + 22% + R (z) yields the expression
Eexp ({Cl\/j [1/)1\7 - K (wN‘/U’VNnuUN” +CV T (/"L(X,E)N - NX,6> (’YX,E) + CS\/j (ﬂ(z,n)N - /~Lz,n> (’Yz,n)D
- X k=1 x(2k) Z(k)) _ g (4(2k—1) 4,(2k) (k)
_ EeXprgE[H\r(Cl( ( XG0 g ) w(u CONY ))
1 1
+02 |:27X,5 (X(2k71)76(2k71)) + 57){75 (X(Zk)7€(2k)> ) (’YX,E):| + 03 |:7Z,n (Z(k)7n(k)) —-F (’YZ,7]):|)

2J (01 ( ( (2k71),X(2k)’Z(k)> — 9 (0(21@71),1}(21@)#(1@)))

_ . 1 :
+Cs [ YX.e (X(Zk b, g2 D) 57X (X(Qk),ﬁ(%)> - B (’YX,&):|

ieA [’Yz,n (Z("')m”")) - E (7z,n)D2 + % qu,uuN}
= Fexp i log F [1+
k=1
+\% [;vx,g (@1, @0 4 %VX,E (x@) - E(VXE)] + 333 12 (29,0%) = E (32,)]

2J (01( ( (2k71),X(2k),Z(k)) {ﬂ( (2k—1) U(2k)’u(k)>)

1
O,y [ Ve (X(2k—1)78(2k—1)) + 5%(’5 (X(Qk),’E(Zk)) _E <7X)E)}

s [yz’n (Z(k)m(k)) - B (72,77)})2 + %

ILLVN7/‘LUN:|
where the first term F [\I/ (X(%_l)7 X (k) Z(k)) — {p (v(%_l), v(2k) u(k)) ‘ MVN7/LUN] = 0 by the definition of 1~b

Since vy, vz and ¥ are bounded, we approximate log (1 + ) by its Taylor expansion log (1 +z) = = —

12% + 7 (z) and keep track only of terms J~! and lower (note that Ry is bounded as well). The above equation
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simplifies to

EepoE{ [ VX e (X(%_l),s(%_l)) + %7X75 (X(Zk),s(%)) - F (VX,E)] + %03 {’YZ,W (Z(k),n(k)) — Evz)n}

13 0o 20 g )
<

27
+C2{ WXE(X(% RN 1)) 27 (xR 2’“) E(vx,e)] +C [’Yz,n (Z(k),n(’“)) —Evz,nHQ

o ) s 5] ) -)
—%202 [;“/x,e (X(%_l)vf(%_l)) + %’YX,E (X(%)»E(%) E (A/X,e):| Cs [W’z,n (Z( ) (k)) E'VZ,n}

+o (U7

/‘LVN7/‘LUN}

Since }Zizl [%’YX,E (X(%*l),s(zk*l)) + %’yXﬁ (X(2k),5(2k)) ) (’)/X,E)] [’YZ,n (Z(k),n(k')) — E’Yz,n] converges

in probability to 0, we can rewrite this as

EeXpZE{ [ VX ,e (X(Qk_l),e(%_l)) + %%{,a (X(Qk),s(%)> -F ('Yx,e)] + %03 {’Yz,n (Z(’“),n(k)) — E’VZ,n}
+% [Cl( (X<2k 1) X(z’“),Z(’“)> 71/,( (2k—1)_,,(2k) u(k)))

Oy [2%@5 (X(Qk—l),g(%—l)) + %WX,E (X(%),s(%)) _E (’Yx,s)] +Cy [WZ,n (Z(k),n(k)> - Evz,nﬂg

1 1 ~ ~ 1 _ 2
_ﬁ (02 |:2’YX,5 (X(2k 1)76(2k 1)) + §7X,E (X(2k)7€(2k)) —-F (VX,E):|>

_% (03 [Wz’n (Z(k)’n(k')) N E’Vz,n})Q

By the variance computations in equations (D.1.38), (D.1.39) and (D.1.40),

qu,uUN} +o(1)

ZJ:I QL [0 (1w (x50, XO9, 200) (250,020 )

J
+Co { Yo (XD, @) 4 %vx,g (x@,e@) — g (’yx,s)]

+Cs [vz,n (Z(’“’,n(’“)) - Evz,nHQ

converges in probability to
2 1

1
Vi, = 71/ varq(q,q,q)qurCng/ covg (¥, flg,q,q) dg
0 0

1
+0103/ covg (¥, 9lq,q,q) dg
0

2 2

Cs C
+7§Var (’yX’E) + 73Var ('YZ,n) .
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Therefore,

Eexp ({01\/7 [Wn = B ($nlivy s oy )] + CaVT (M(X,g)N - /’[’X,E) (vx.c) +CsVT (“(Z,n)N - “(Zn)) (VZJ;)D

J
= €Xp (Vl) Eexp {\/13 Z E |:CQ |:;’7X,5 (X(2k_1)7 5(2k_1)) + %,YX,E (X(2k)7 E':(2k)) - E (7X,5):|
k=1

Oy [WZW (Z(k)717(k)) - EVZ,,,} ‘ MVN7FLUN:|
J

2 [0 [ (1) e (0,9 < )
k=1

+Cs [’yz,n (Z(’“), 77(’“)) - Evz,n]

2
ﬂVNaNUN:| } +o(1).

Since convergence in distribution implies convergence of moment generating functions and

2
Hyy s MUN]

;]ijlE [Cg [;’Yx,s <X(2k71)’€(2k71)) I %’YX,E (X(Qk)’g@k)) ~E (7X,5)j| + C3 {72777 (Z(k),n(k)> - Eﬂyzm}

converges in probability to
1 51 1
50225‘/@7“ (vx.e) + §C§Va7“ (vzn) >

we can rewrite,

Eexp <{Cl\/j WN - FE ("/}N‘IU'VNMUUN)} +CoVT (M(X@N - /’LX,E) (VX,E) +C3VJ <M(Z,n)N - Mz}n> ('YZ,n)D

J

1 1 1

= exp(Vy) Eexp < E E [\/j <C2 |:2’YX,E (X(Zkfl)’g(%*l)) + ?YX’E (X(zk),s(%)) - F (’YX,E):|
k=1

1 1 1
+Cs [72)7, (Z(k)a W(k)) - E’VZW}) ‘ MVNquN:| - §C§§Var ('VX,E) - §C§VM hZW)) +o(1)
1 51 1
= exp(V1)exp —502 §V‘W (’YX,@) - QCBVW ('VZ,n) X

J
1 1 ) k), L
Eexpy E [ ((12 [2%{75 (X<2k b, ek 1>) +57x.e (X(Q’“),e(?k)) ~-E (vx,e)}

+C3 {’an (Z(k)ﬂ?(k)> - E’Yz,n}) ‘ /LVNMUJUN] +o(1).

By the Levy continuity theorem and the equality Eexp (tX) = exp (E X)'t+ 3V (X ) t) for normally
distributed random variables, the product of the second and third terms,
1 51 1 5
exp —502 §Var (vx.e) — §C3Var (vz.) | %

J
B8 (02 [Joxe (XE) + o, (X09,250) ~ B x|
k=1

+C3 {72,7, (Z(k)ﬂ?(k)) - EWZ,nD :U'VN7MUN:|
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converges to 1. Hence,

Eexp ([Cl\/j WN ) (¢N|MVN7MUN)] +CoVJ (I’I’(X,E)N - HX,E) (’YX,E) +C5VJ (M(Z,U)N - Mz,n) (72,7,)})

converges in probability to exp (V7). Therefore, by Levy continuity,

VI (b = E (¥l buy))
val (:LL(X,E)N - MX,n) (”YX,E)
v (/‘(Z»n)N - “Zn) (vz.n)

converges in distribution to a mean-zero normal with covariance

Jo 024 (a.9.9) dg Ji covg (O, vx la,a,q) dg [y covg (¥,75,la.4.q) dg
V"' (vxvz) = | fiy covg (¥, 7vx.la.4.q) dg sVar (vx.) 0
[y covg (%,77.,l4,4,9) dq 0 Var (vz.,)

Lemma D.1.11 Suppose Assumption 4 (ii) is satisfied. For any jx .— Donsker class I'x . of bounded functions
on (X,¢e) and py , Donsker class Iz, of bounded functions on (Z,n),

vV N/2 (1/)1\7 —F (¢N\MUN7MVN))
vV N/2 (M(X,s)N —Hxe (VX,E)

N/2 (/’L(Z,n)N - /’LZ,T/ (rYZ,n)

indexed by vx . € I'xe and v4, € I'z, converges to a Gaussian process whose covariance kernel characterized
by V.

Proof. Let v . be a linear combination of a finite number of elements of I'x . and v, ,, be a linear combination

of a finite number of elements of I' 7 ,,. By Lemma D.1.10,
VN/2 (wzv — E (Ynltuy vy ) » (M(X,a)N - l’(’X,E) (Vx.c) > (M(Z,n)N - Mz,n) (’72,7,)>

converges in distribution to NV (0, 144 ('yX’E, 'VZ,n))‘ Let Hx be the stochastic process m (’(/JN - F (Q/JN“LUN , NVN))
jointly with the empirical processes on I'x . and I'z;,. We index these stochastic processes with v € I' where we
endow I' with the Lo, metric. By the Cramer-Wold device, the finite dimensional distributions of H converge

to a Gaussian process whose covariance kernel is defined as follows:

For two elements of I'x . and I'z,, the covariance kernel is that of the associated empirical processes.
The covariance of an element of 'y . and an element of I'z, is 0. The covariance of vx . € I'x. with
M (1/JN -F (wNmUN,,uVN)) is fol covy (\II,'VX’E|q,q7 q) dq. The covariance of v, , € I'z, with the term
VN (Y — E (¥nliuy bvy)) is fol covg (¥, 72,14, 4, q) dg. The variance of VN2 (Un — E (Unltyy, tivy)) is
iy 024 (¢.4.9) da.
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We now verify equicontinuity to show weak convergence of Hy. We prove this directly using equicontinuity

properties of the empirical processes on I'x . and I'z .. Denote

Vary.z (my,mz) = /Var (¥ (X1,X9,2)|v,Z = z) dmzdmy

VG/I‘U’X (mU,mX) /V(M’ (\I/ (Xl,XQ, Z) |’LL,X1 =T, X2 = LL‘Q) dmxdmxde.

Let Var (V (X1, X2, Z) |v1,v2, Z = z) = Var (v1,vq, z). Consider the quantity ﬁ Zfi/f Var (U(Qi’l), V@) z(i))7
and note that since Var is bounded and uniformly continuous, it is equal to

N/2

Z {Var (v(%_l),v(%_l), z(i)> + Var (v(%),v(gi), z(i))} +o0(1)

i=1

= Varyz (yy: bz,) +0(1)

= Varvz (py,pz) +o(1)

1
N

An identical argument implies

N/2
1 AP
N/2 ; Var (90(21 D 20, U(l)) =Varyx (py, px) +o(1).

Since piyx, and jig), are not degenerate, Varvy,z (uy,pnz) and Vary x (uy, px) are strictly positive. Hence,
limy sup,, ., Varyz (B bz, ) and limy SUP,, oy, VaTUX (g s bx ) are strictly positive. Hence, for
large enough N, there is a § > 0 such that a §—ball around Hy (v) = /N/2 (Y — E (¥ |ty , by, )) contains
no other element Hy (7') for o/ # 7. Pick § > 0 such that the § ball around \/N/2 (Y5 — E (¥ x|y, by )
is a singleton. Hence, if Br . (v,0) = B(7,0) NI'x, and Br,, (v,0) = B(7,0) N Tz,

sup sup [Hy (y) — Hy (7)]
Y€l v €B(v,9)

< sup sup |Hy (vx.e) = Hy (Vxo)| + sup sup |Hy (v2.,,) — Hy (Vx.2)|
’YX,geFX,E ’Y;(,EGBFX,E (’yxyg,(s) ’YZ,nGFZvU ’YIX,EEBFX,E ("yZ’",(s)
+ sup sup |HN (7X,E) — Hy (V/Z,n)‘ + sup sup ’HN (72,77) — Hy (7/Z717)’
Tx,e€0xe Y% n€Bry, , (’yxﬁs,é) Yzn€lz.n vy n€Bry ., (’Yz,n75)

since B (v,6) = {’Y} it Hy (v) = vV N/2 (7/’N —-F (¢N\MUN7MVN))-
For a fixed €, > 0, there is (by definition of stochastic equicontinuity) there exists 6 > 0 such that

lim sup P sup sup |Hn (vx.c) — Hn (Vxo)| > c U
N—oo Yx,e€0x,e 'Y/X,EGBTX,E ('Yx,av(s) 6 6
and
lim sup P sup sup |Hn (vzn,) — Hn ('y'Z,])’ >S )<
N—oco ’yZ’,,IGI‘ZY77 ’Y/ZTUGBFZ,U (’YZ,'I]"S) 6 6
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Now we show that

lim sup P sup sup |HN ('VX,E) — Hy ('V/Zn)| > - <

3
N—oo 'YX,EEFX,E ’Y/Z,neBFZ,v, (’7X,s76)

3

Note that independence of empirical processes on I'x . and 'z, implies that Br, (’y X.e 6) is nonempty only
if 7x . has L? norm less than d. If this is the case, every element of Br, ('yX’E, §) also has L? norm less than
6. Therefore,

P sup sup }HN (Yx.e) — Hn (V/Zn)’ > %
Tx,e€x e Yz €Bry, (’Yx,saé)
< P sup sup [Hy (vx.2) |+ [Hy (V)] > %
Tx,e€lx,e 'y’Z)neBFZm (’YX,E’(;
< p sup sup \Hy (vz.,,) — Hy (Vz,)| +  sup sup |Hn (vx.c) = Hv (Vxo)| > %
Yzn€l 2z Yz.n€Bry, (’Yz.,mts) Vx,e€Tx.e Vx,c€Brx . ('YX,E’[S)
< P sup sup |HN (72,7;) —Hy (VIZn)| > %
Yzn€lz 0y Yzn€Bry ., (’Yz.,m‘s)
+P sup sup |HN (Vx,g) — Hy (’Y/X,eﬂ > %

’YX,seFX‘E ’Y;{,EGBFX,E (7X7575)

where the second inequality follows from the triangle inequality since a constant 0 function is an element of

both I'y . and I'z,,. By the same argument

P sup sup |HN (’Yz,n) — Hy (’Y/Xs)| > %
’YZWGFZ"’] ’Y,X,EeBFX,E (A/Xf’é)
< P sup sup |Hn (vzy) — Hn (’VIZn)| > %
Vzn€lzy 'y/ZWGBrZ’T, (“/z,nv‘s)
+P sup sup |HN (’YX,E) — Hy (’Y/XEH > %
Tx,e€0x e Y¥x,.€Bry . (’Yx,své)
and thus
lim sup P (sup sup |Hn (v) — Hn (¥')] > 5)
n—oo veTl' v’ €B(7,6)
< 3lim sup P sup sup ‘HN (’YX,E) — Hy (’YIXs)| > :
n—00 Tx,e€x,e v’XﬂseBrx,E (’Yx,sxé) 6
+3lim sup P sup sup |HN (’Yz,n) —Hy (W’IZn)| > -
n—oo 'yZmEl—‘z,n 7%,77€Brz,n (’yZ,n,(s) 6

< 7.
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This proves stochastic equicontinuity of Hy () and hence weak convergence to the Gaussian process defined

above. m

D.2 Proof of Proposition 4

We will show that the Hadamard derivative of ¢° : LL, — L2 evaluated at (i, ) in the direction (Gx,Gz)

is

where

~5
Viax,an)¥ x>zl (0)

1_6Gq (Q)I‘I’(ﬂfl,x%z)%(%m, 0) b, (q,72;0) f] (FUQ(Q)—h(Z'Q)) d:U'deMXQdMqu
s U J b (@,21;0) 6 (¢, 22;0) b, (¢, 2 0) dpux, dpix, dpiy
e U (21,22,2) ¢ (q,2150) f! (FJG (q) — h(wz;9)> b,y (q,2;0) dpx, dux,duy
s Gv ) J ¢ (a,2150) ¢, (q,22;0) b, (,2:0) dpux, dpx,dpy dq
o [ we ) I (Fry (@)~ b)) 6. (0.0210) 6, (0. 0) dpx, du, dy
AT [ 6- (@.21:0) 6. (4,23:0) b (4. 250) dpx, dyix, diiy i

+/1_6 f\:[/(xl,l'272) (bg (q7x1a9)¢ (q7x279)¢ (quzve)dGX1dMX2d:u‘qu
1)

[ 6= (a,21;0) 6. (q,22;0) ¢,, (4,2 0) dpux, dpx, dpiz
+/1JIW($17$27Z)¢5 (¢,21:0) 6. (q,wz, 0) ¢, (¢, 9)duxde2duqu
5 [ ¢. (¢,21;0) ¢. (q,22:0) ¢,, (g, 23 9) dpix, dpix, dpiz
+/1‘Sf‘I’(xl,xz?Z)aﬁs(q,:'sl;@)eb (4,72;0) ¢, (4,2 0) dpx, dpx,dG
5 q, Z;
n (

d
[ 6. (0, 71:0) 6. (q,72:60) b, ( 0) uxlduxgduz 1

+/1_6 f\I/(.’El,LC27Z) (be (qv$1;9)¢ (C],CEQ, ) az;g)d:U‘de//‘ng/J‘Z
) f¢s (qﬂxl;a) ¢5 ((LZL‘Q, ) (Q7Z 9) d/J‘deMngMZ

LG [MX?MZ] (9, q) dq

GI(0) = W/GX (1{h(w;9)+5§F;§9 (q)})dFe,
Gy (0) = W/GZ (1{9(2 0) +n < Fp (g )})an,
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and Lg [uy, 7] (6, q) is the negative of

f(be (qvxl; 6) ¢5 (Qa T2; 9) f, (FUIO (q) - (’Z 6)) dMdeMXQdMZ

Gy (0)
f(bs (q,x1;9)¢ (q7x27 )¢n (Q7Z 9) dMde:U‘de/l'Z
o gy 10 @OV I (P @) — 1 (w239) 00 (0,2:0) dix, di, dy
Y fcb 0.71:0) 6. (4:02:0) by (4, 250) dpx, diix, dii
_ J 1 (Fr @) = 1 (@1:0)) . (0,22:0) 0, (0, % 0) dyu, dyu, dp
* V( f¢e (q71‘1a ) E(Q3‘r27 )(rbn (Qaze)d:qud:qud:U’Z
+f¢s (qaxlvg) ¢s (quQa )¢ (q Z; 0) dGX1dlU’X2d/u‘Z
fd)e (q7$1;0) ¢5 (Qa x?zg)d) (qa )d/‘Lde/u’ng/J’Z
+f¢5 (qvxl;e) ¢6 (q,m2,9) (qv 79) d:u’Xdezd/J’Z
f(be (q’xl;e) E(Q?$279) (Q> 79)d:uX1d/J‘X2dp‘Z
+f¢5( ,.231;9) ( q, T2; ) 11( 7276)d:U’X1d“X2dGX3
f¢e (anl; )¢5 (Q7$27 )¢7}(Q727 )d:qule’ng:u’Z
and
by (0.259) = fo(Fug,, (@)= 9(:50))
0c(@2:0) = o (Frg (@)= h(z:0)).
Proof. Let
¢n,N(qaZ;9) = fn( NU@HZ (q)_g(z’a))
¢ v (g 250) = fe( NV by (q)—h(w;G))
where Fny,g (u) = [ Fy(u—g(Z;0))duy, and Fy v (v) = [ F. (v —h(X;0))dux, .

Consider a sequence of measures (,uXN , uZN) and a sequence of scalars hy — 0 such that % (,uXN
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converges to G = (Gx,Gz) uniformly in L%, where G is bounded and uniformly continuous. We can rewrite

/1_5 f v ($1,$2, Z) (bs (anl; 9) ¢8 (q,iﬂg; 0) (bn (q7 Z3 6) d:U’del’Lng/’l’Z dq
1)

[ b (a,21;0) 6. (q,2:0) b, (¢, 2 0) dpux, dpix, dpiy
_ /1_6 f v (‘Tl, T2, Z) ¢5,N ((L T1; 0) ¢)e,N (Qa T2; 9) (vbn,N ((L Z3 0) d:u‘XN’ld/u’XN‘gd:uZN
5

dq
J ben (0:7150) 6.y (¢, 225 0) by v (0,23 0) dpax . dpix, ,dpig,

/1_5 f\IJ (xl,flfQ, Z) ¢5 (anl; 0) ¢5 (Q7x2; 6) ¢7] (Q7 Z3 9) (dqud/J“XQd:U“Z - duXNyldiu“XNﬁzd:U’ZN>
1)

T 62 (@0150) 62 (0,2:0) 8y (@ 7 0) dji, dinydi “
+/1‘5 [ (21,22, 2) 6. (g, 21;0) b (723 0) ¢, (¢, 2:0) dpux,  dpixe ,dpiz,, i
s [ 9 (q,71;0) ¢, (q,72;0) &, (q, 2 0) dpx, dpux, dpy
/16 SV (21,22,2) ¢y (4, 2150) Do v (0,72;0) Oy v (¢5230) dpx, dpix ,dpig, "
5 f¢a (q,2150) ¢ (q,72;0) % (q,2;0) d#xldMXQdﬂz
[ ¢-(q,21;0) ¢, (¢,22;0) b, (¢, 2 0) dpux, dpux, dp p
[ 0en (@.21:0) 6o n (@, 7230) 6y (02 0) dpig, b ypizy,
1-6 [W (21,22, 2) B (¢, 215 0) b (0,223 0) ¢y, (q,2:0) (dﬂxldﬂxgdﬂz - duXN,lduxN,zduzQ
B /5 [ 0 (q,21;0) . (q,22;0) ¢, (q, 2 0) dpx, dpux, dpsy o
n /16 J U (21,22,2) ¢ (q,2150) B (¢, 72;0) ,, (¢, 2;0) dpnx Ay Az, dq
5 [ . (q,21;0) ¢ (q,22;0) b, (q, 25 0) dpuxe, dpix, dpiy
_ /1_5 ¥ (21,29, 2) b N (q,7150) . v (q,7250) &, n (g, 25 0) dpvxy dpx Al d ]
5 J 0= (q,2150) . (¢, 22;0) ¢, (¢, 2 0) dpux, dpx, dpiy I
+/15 SV (z1,22,2) ¢y (4,2150) Do v (0,72;0) Oy v (¢5230) dpx, dpix, ,dpig, "
5 f¢a (q,21;0) ¢ (q,72;0) % (q,2;0) dﬂxldﬂx2dﬂz
<1 L J0.(@.21:0) 6. (4.22:0) 8, (0. %:0) dyrx, diax, dpg ) 4o
f ¢5,N (q,71;0) %,N (q,72;0) %,N (q,2;0) dNXN,ldNXN,szZN
= T1+Th+ T3
1—6 1-6 1-6
- [ n@a+ [ m@d+ [ T@d (D.2.41)

To compute Tj (¢) note that

dpx, dpx,dpg — dpxy dpx, ,diiz,
= (dMX1 - dMXN,I) dpx,dpg +dpx, diux,dpy —dpx, dux g ,dig,

= (d,qu - dMXm) dpx,dpy + dpx, | (dﬂx2 - dl’l’XN)g) dpg

tdpx, dixy ,dity — dpx Ay, dig,
= (dlux1 - dMXNJ) dpx,dpy + dpx, | (dﬂx2 - d#XNg) dpy +dpx, dux, , (duz —dpg,,)
= (d,qu - dMXNJ) dpx,dpy + dpx (dﬂx2 - dliXN,rz) dpy

+ (dlixN,1 - dMX) (dﬂx2 - dliXN,z) diy + dpx, dux, (dug —dpg,,)

+ (dﬂxN,l - d#xl) dpix, (dpz — dpz,) + ditx ., (dMXN,2 - dNX2> (dpg —dpg,,) .
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Hence,

T ( ) f v (.’171,3}2,2) ¢8 (Q7x17 )(be (qa €T2; )¢7] (qa 2 9) (d/’LXl - d/’l’XNJ) dlu’XQd:u’Z
L B f(bg (Qawl, )¢g (q,l'Q, )(bn (qaz79)d:uX1d/’LX2d/’[’Z
J W (@1,22,2) 6. (a,21:0) 0. (0. 2230) 6, (4, %:0) dpuy (dpu, — dpi,, ) dpiz
+
f(bs ((]72151; ) (QJ$27 )(bn (q,z,@) dMdeuXQd/'LZ
f\Ij (331,.232,2’) (ba (qvxla )¢E (Q7x27 )(br (Qaz79) d:qud:qu (d/’(‘Z - d/’(‘ZN)
f ¢e (Qa T1; )¢E (Q7 €23 )¢n (Q7 Z3 9) d,qu dp‘ng:u’Z
R(q)
+ D.2.42
J ¢- (@,21;0) 6. (q,220) ¢y, (q, 23 0) dpux, dpx, dpy ( )
where
R(q) = /‘1/ T1, T2, 2) ¢ (¢,2150) 6. (¢, 225 0) ¢, (q, 23 0) (duXN,l —dux) (dux2 - duxm) dpiy

V (21,72, 2) ¢ (¢, 21;0) ¢ (¢, 72;0) ¢7] (q,2;0) (d,uXN,1 - dﬂxl) dpy, (dﬂz - dHZN)

+/\IJ 21,22, 2) b (4,215 0) b (q,2;0) ¢y, (¢, 2;0) dpxc, (duxN,2 - d#x2> (dpg — dpg,,)
Ri1(q)+ Ra2(q )+R3( )-

Now we show that each of 1 Rl, hl Ry and R3 are negligible. To show that 1 Rl( ) is negligible, we

rewrite it as

HRl()

/\II (xla T2, Z) d)s (q7 T1; 9) (bs (qv Z2; 0) ¢n (q, Z; 0) dGX1 (dMXQ - dMXNg) d/J‘Z +

[ #0220, (0.21:0) 9. (0.020) 9, (4.5 9)( " (e, - dux)—del) (dpx, = dix,, ) dinz
= Si(q)+52(q)

and show that S; and S are negligible. Note that

sup |52 (q)]
qe(8,1-6),0
1
< [ swp () 6. (0.0050) 0. (4.2:0) 9, (4. 5:0) ((duXNl—duX)—dGXI)‘(duxﬁduxm)duz
q€(5,175),9 hN ’ s
1
< 200 el Il sup |62 (q.2150) (7= (dux,, - dinx ) = dGx,
q€(6,1-46),0 N
= o(1).
since

. (q,22;0) = f- (Fy, ' () — h(2:0))

indexed by ¢, 0 is a sub-class of I". Turning to S1, note that

S1(g) = /‘i’ (71,22,2,q,0)dG x, (dMX2 - d#XNa) dpy
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where U (21,29, 2,q,0) = U (21, 22, 2) b (q,7150) ¢ (¢, 72;0) ¢, (g, 2;0) and S U (21,29, 2, q,0) dGx, is a bounded
uniformly continuous function of (z2,z,q,0) for ¢ € (5,1 —9). For any ¢ > 0, fix a compact set x =

1H{z:c; <z < ey} for 1, co € RFX | such that puy (x\X) < e. By the triangle inequality,

‘//@(.@1,1’2,2,(],9) dGXl (dlj‘Xg _d/I’XNg)
//\i](x15$2327Qa0)dGX1 <d/LX2 dy’Xp;g)‘
X

< Gl (x GAX) + xy (X\X)) +

Since G is uniformly continuous, there exists a collection x', ..., x™ of subsets x* = {x i<z < 0’2} containing
points z!, ...,z that cover ¥ such that
~ M ~
/ /\I] ($1,1'2, Z,4, 0) dGXl (d:U‘X2 - d/LXN,g) - Z / v (xlaxla Z,4, 9) dGX1 (:U'X2 - ILLXN,2> (Xz) <E.
X i=1

Note that 1 {x € xi} € I'x. By the triangle inequality,

[ [ 0.0 G, (i, — dix,,)
X

< €+

M
> [t za.0) dGx, (v, () -~ pix (xi>)‘
i=1

)
o0

< et MGy |nx, — s

whore g, — x| =500 e | (52 — ) ()] Ths,

‘//‘i’(xl,xg,z,q,e) dGx, (dUXZ - dHXNg)

< Gl (rx GNR) + iy GAX) + &+ MGl |[dri, = drix,,

o0

= 0, we have that

Since limsupy_, HduX2 —dpx, .,
" oo

lim sup sup

[ [ ¥ @0 z0.00dGx, (du, - duXN,z)‘
N—oo 2,q

2|[Glloe x (X\X) + ¢
Gl +1e

IN

IN

Since this inequality holds for all € > 0,

=0

[ [ @iz 20,0046, (dux, - dux,,.)

lim sup
N—oo z,q

Thus,

sup  [S1(¢,N,0)] < sup
g€(5,1-6),0 4E(8,1-5),0

//\if(xhxg,z,q, 0)dG x, (d,qu _d:“XN,z)‘ — 0.

/\ij (.’,131,$2,Z7(], 9) dGXl (d:qu - dMXN,z) d'u’Z

IN

sup
z,q
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Hence,

sup
q€(8,1-8),

R1<q,Ne>\ < s [S@N.O+  sw  [S:(qN,0)]
a€(5,1-68),6 4€(5,1-6),6

— 0

olhn

Identical arguments show that Ry — 0 and R3 — 0. Lemma D.2.12 implies that

ot [ 6 (@mi0) 6. (0,2236) 6, (0,2:0) dux, dux, iy > 0.

Therefore,
R(q)

[ 0. (q.21:0) ¢, (q,32;0) &, (q, 2;0) dpx, dpux, dpsy

It follows that equation (D.2.42) can be re-written as

1-6
%ﬂ = /5 %Tl( ) dq
120 [W (21,29, 2) ¢ (¢, 13 0) ¢, (q,2250) &, (q,2;0) dGx, dpx, dpiy
B /5 [ 6 (a,2150) ¢. (¢,22;0) b, (q,20) dux, dpx,dpy
N /”f ¥ (@1, 72,2) b (013 6) b (4,22:0) &, (4.7 6) dpixdCxydpz |
5 [ ¢ (a,21:0) ¢, (¢,22;0) b, (2 0) dpux, dpx, dpy
+/1—5f\11(a:1,x27z)¢5(q7x1, 0) b, (q,72;0) ¢ ( 279)d/ix1dﬂx2dGZ
5 [ ¢ (a,21:0) ¢, (q,22;0) b, (q, 2 Q)dﬂxldﬂxzdﬂz
+o(1). (D.2.43)

— 0.

dq

dq

To compute the limit of T5, rewrite

T (q) = J ¥ (21,22, 2) b (q,2130) ¢, (¢, 2;0) &y, (a4, 2,0) dpx,  dpx,, ,dpiz,
[ 6-(a,:21;0) 6. (q,22;0) ¢,, (¢, 2 0) dpux, dpx, dpiy

_f‘I’ (z1, 2, 2) ¢5,N (q,21;0) ¢5,N (q,72;0) ¢n,N (q,2;0) d/iXNfld/“LXN,gd//'ZN

[ ¢ (q,21:0) ¢, (q,22;0) &, (q, 2 0) dpux, dpx,dpy

by observing that

¢ (q,71;0) ¢ (¢, 22;0) &, (q,2:0) — &, v (¢, 21;0) ¢ v (¢, 72;0) ¢,y v (¢ 23 0)
= 0. (¢,21;0) B, (q,72;0) [, (4,2:0) — b,y n (025 0)] + b. (0,715 0) ¢ (¢,22;0) b, v (4,23 6)
¢5N(Qa$1» )¢ (q7$2a9)¢n,N(q,Z;9)
= ¢ (q,21;0) b (q,22;0) [¢,, (4,2 0) — ¢, n (¢, 2 0)]
+0e (¢, 21;0) [¢c (¢,22;0) — ¢y (¢, 72;0)] ¢, x (4,2 6)
+ [0 (¢, 2150) — ¢ n (4,7150)] b2 v (4,723 0) ¢, v (g, 23 6) -
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Hence,

ER()

TV (21,29, 2) 6. (g, 213 0) b, (¢, 22;0) 7 [0, (4,23 0) — &y v (52:0)] dix,  diix iz,
[ ¢-(q,21;0) ¢, (¢,22;0) b, (¢, 2 0) dpux, dpx, dpz
+f‘I/(fcwvz,Z) 0. (¢,2150) 7= [02 (¢, 22;0) — b N (422 0)] &,y n (0,2 0) dpux,  dpxe dpig,
[ 6 (a,2150) ¢. (¢,22;0) b, (4,2 0) dpx, dpx,dpy
+f U (21,72, 2) ﬁ [% (q,21;0) — Pe N (q,71; 9)] Pe N (q,22;0) &N (q,2:0) dNXN,ldNXN,szZN
[ ¢-(a,2150) ¢, (q,22;60) b, (4,2 0) dpux, dpx,dpz

J U (@1,22,2) 6. (02159 6. (0,22:0) f (Firg (@) = 9.(0) ) dpux, dhix, iz,

1
— . F71 _ F71
hy (Fi @ = Pl @) [ 6. (q,2150) 6. (q, 223 0) b, (q, 2 0) dpux, dpr, dpu
_"_i (Ffl ( ) _F,1 ( )) f\IJ(‘Thx%Z) ¢5 (qvxl;e) fé (F\;,le (q) _h<$256)) (me (q,Z,e) dNXN,ldMXN,zd/“LZN
hy Vo T vt J 9. (q:21;0) . (q,22;0) ¢, (g, 2;0) dpx, dpux,dpy
_~_i (F*l ( ) _ F71 ( )) f \II LL'1,£L'27 )f (FVL (CI) —h (xl; 9)) ¢E,N (q7x2; 9) qzs77,N (Q7 2 0) dMXN,ldMXN,2dMZN
hy U V30 q N \d [ ¢ (q,21;0) b, (q,x2;0) by, (4, 2;0) dpx, dpx, dp g
+o(1)
= Ki(q)+K2(q9) + Ks(q) +0(1), (D.2.44)

where the equality follows from a Taylor expansion and dominated convergence theorem (since f! and ﬂ7 are
bounded).
Rewrite K7 (q) as

SO (@1,22,2) 6. (0,130 6. (0:2230) f3 (Frly (@) = 9 (230) ) dx, dux,

1
— (Fgb(9) — Fyb.
hN ( v (q) o6 (q)) f¢6 (Q7x17 )¢5 (qa 23 )¢7} (qaz 9) d,u/de/-LXZd/JJZ
_,'_i (Ffl ( )_ F71 ( )) f\II(.Tth, )(ba (qwxla )¢5 (q,l‘g, ) ( o (q) —g(2;9)> dMXN,ld/J'XN,Qd/J'ZN
hN v I U6 I f¢5 q,%1; )¢g (q7$279) ¢n (q7Z 9) d,u/deNXZdMZ
1 J W (1,29, 2) 6. (¢,2150) 6. (g,22:0) [ (F[70 (@) —9(z 9)) dpx, dpix, dpi g
—— (Fib (@) = Frlyo @)
hN vie N3 f(be (Q7x1; ) (q7x27 ) n(q,Z,e) d,UzXIdMXZdIJZ

= Ci(q)+C2(q) — C5(q)

where C5 (q) — C3 (q) is not greater in absolute value than

SUPg e (5,1-6) ’ﬁ (Fr;;le (q) — Fﬁ,lu;e (Q))‘
infy [ ¢, (¢,21;0) ¢. (¢, 225 0) ¢, (4,2 0) dux, dpx,dpy

/ W (21,22,2) 6. (0.2150) 0. (0,22:0) f; (Fi (@) = 9.(::0) ) (dpo, dpu, diz — dixe,, i, i 2 )

which goes to 0 uniformly in ¢ € (§,1 —§) by the same argument used to compute the limit of T (¢). To
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compute the limit of Cy (g), note

T o (Fl—,é ) (Fua (Fb @) = Fyvwo (Fgh @) ) +0(1)
B ng(;j; @) / Fy (Fii (@) = 9(2:0)) (dug = dug,,) +o(1)
T o (Fl;(q)) /(’“‘Z_“ZN)( {90 +n<Fh@}) Ry +0(1)
Therefore,
o (Foh @ - Fibo @) — e /GZ )40 < Fob (@) aF,
= GqU(9)

uniformly in ¢ € (6,1 — §). Hence, K (¢) converges to

J W (21,22, 2) 6. (4,1:0) 6. (0,22:0) f; (Firy (a) — 9 (2:6) ) dyue, dpex, iz
f ¢6 (qv Z1; 9) ¢5 (q7 T2; 9) ¢77 (q7 2 9) dqudlu’de:u‘Z

G (9)
Similar arguments show that K5 (¢) and K3 (q) respectively converge to

f v (1’1,152, Z) ¢5 (qaml; 9) ff;{ (F\;,le (Q) —h (:C27 9)) ¢n (q7 Z3 0) d:u“deu’ngH’Z

G2 (0
v () 6. (0.21:0) 6 (0,22 0) b (2.7 0) dpi, dpix,driy

and

Gy (0)

f\II(xth’Z) fE/ (F\Z ( ) h($17 )) d)e (Q7x27 )¢r] (q7Z70) dl’[’de:uXQd:U’Z
f¢a ((Lxlv )¢5( , L2; )Cbn (q7z;6)dﬂX1dMX2d:uZ ’

Consequently, equation (D.2.44) can be written as

1 1=0 9
—1Ir = / FTQ (q) dgq
) mn

n

y L2

W (,22,2) 0. (0,0130) 0. (0, 2239) S (Fir (0) = 9(2:0)) dpuy, diu, dp
/5 G{, (0 e dq

[ 6 (q,21;0) 0. (q,22;0) ,, (¢, 2 0) dpx, dpx, dpi
)6 i) . (Fib (@) = h (22:0)) 6, (4, 6) dyu, dyix, dpi
5 [ ¢ (q.21:0) ¢ (q,22:0) &, (q, 2;0) dpx, dpix, dpiy
SO (@r,02,2) 2 (Fi (@) = h(@130)) 6. (0, 22:0) &, (0, 230) dp, dpix dpiz

(4

dq
5 J ¢ (q,2150) 6. (¢,72;0) ¢, (¢, 2;0) dpx, dpx, dpiy

+o(1). (D.2.45)

dq
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Finally, we rewrite

S (21,22, 2) o 3 (05,2150) G v (6,225 0) by v (0523 0) dpxey,  dix ,dpizy y
[ 6 (a:21;0) 6. (q,22;0) ¢, (q, 2 0) dpux, dpx,dpy
(1 S0 (g,2030) 6. (g,22:6) &, (g, 60) dpy, dpy, diy )
[ 6o n (@,7150) 6o n (q,22;0) &, v (0,23 0) dpnx,  dpi,, ,dpiz,,
SO (21,22,2) ¢ n (0:7130) by (4,225 0) by v (4, 230) dpix, dpixy, ,dpiz,
T bon (@130) 6oy (4,02:0) 6y (0.2 0) dpigy iy iz
(f ¢5,N (q,1;0) ¢5,N (q,72;0) ¢n,N (q,2;0) dMXN,ld/lXNgdﬂzN - f¢s (q,71;0) ¢, (g, x2;0) ¢n (q,2;0) dﬂxldﬂxgdﬂz>

T3 (q) =

[ ¢ (q,2150) ¢, (g, 225 0) ¢, (q, 2 0) dux, dpx,dpy
Y (r1,22,2) by (4,7130) e v (0, 2230) 6y v (a0, 250) dpexey  dpix ,dpiz, x( T (q) T (q))
= —11 — 13

f ¢’5,N (q,21;0) ¢5,N (q,2;0) %,N (q,2;0) d/lXN71d/$XN,2dMZN
_ f‘I’(%wmz) b (q,21;0) ¢ (q,72;0) % (q,2§9)dﬂxldﬂx2dﬂz y (—T ( )—T ( )>
B fd)s (q,131;9) ¢e (q7$2;0) d)n (qua) dp“de:u’ng:uZ L 2\
N S (21,22, 2) ¢ v (¢, 713 0) b N (¢, 225 0) &, N (0:20) dpx,  dixy Az,
f¢s,N q,21; ) (q,:p 0) nN(%Z"g)dHXNldHXNQdﬂZN
 (

_f\:[l(ml,zQ,Z)d) (g, 13 )

q,T2; ) (q7 Z3 0) d:U“Xl d/“l’ng:u’Z) nd nd
x (=T (q) — T (q D.2.46
6= 0r2130) b2 (0.2250) by (0.5 0) diix, it i (h0-T:w) (D:240)
where T} (q) = Ty (¢) and Ty (q) = T (¢) evaluated at ¥ = 1. Since SUDg e (5,1-6),N hN AT (¢ )‘ and Supg e (s,1-4),N ﬁfg (q)‘

are finite, and

f W (21,2, 2) ¢5,N (q,71;0) ¢>5,N (q,2;0) ¢n,N (q,2;0) dNXN,ldMXN,QdMZN
f ¢5,N (q,21;0) ¢E,N (q,2;0) %,N (q,2:0) dMXN,IdMXNydeZN

sup
0,q€(8,1—6),N

_f N4 (3717372, Z) ¢a (Q7m1; 0) (be (qa Z23 6) ¢7/ (qa Z3 0) d/’Lde:qud:uZ =0
f¢6 (Q?xhe) ¢5 (Q7x239) d)n (Q7Z70) le‘de/“Lng/J’Z ’
we have that
1 U (21, 22,2) b, (q,7150) . (¢, w2:0) ¢, (¢, 2;0) dpux, dpx, dpa 1 - -
7T3(q):f ( 1,42 ) ( 1 ) ( 2 ) '7]( ) X X Z Xi(—Tl (q)_T2<q))+0(1)
h’N f¢6 (qﬂxlﬁ 9) ¢5 (qa T2; 9) ¢17 (qa Z3 9) dN’de:u'ngMZ hN
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Equations (D.2.43) and (D.2.45), along with T} (¢) = T1 (¢) and T3 (q) = T (q), imply that

1 - 1 -
—T (Q)‘Fh*Tz (q) —
N

J 6 (a,2159) 6. (a.2230) £} (Firp (@) = 9 (2 0) ) dpux, dux, dp
f b (q,21;0) . (q,22;0) f% (q,2;0) dﬂxldNXZdﬂZ
J 6. (a,w130) £ (Frly (@) = b (22:0)) 6, (0, 250) i, diae, iz,

G (9)

+Gy (0)

[ 6. (q,21;0) 6. (¢, 22;0) &, (g, 2;0) dpx, dpux, dpg
S 1 (vl @) = b (2130)) 6. (0,22:0) 6, (0,2 6) dii, i, iz,

[ ¢ (q,21:0) ¢ (q,22;0) &, (q, 2 0) dpux, dpnx, dpy
( 7$2;9)¢ (g, Q)dGdeHXQdHZ
- (q,72;0) oy (q,2;0) dpx, dux,dpy
(¢, '9)¢ (q,2;0) dpxdGx,dpy
- (¢, 22; o (g, 0) dpx, dpx,dpy
(g, z2; (g,20)

9)

2,

2;0)

b (¢, 2250) ¢, (q,2;0) dpx, dpux,dG 7
0) ¢ (¢, 2;0) &, (q,2:0) dpx, dpx, dpiy

= —Lg (07 q)

uniformly in 6 and ¢ € (§,1 — §). Equations (D.2.46) and (D.2.47) imply that

L=
hy 2

/1_5 f v (xla x2, Z) ¢s (qa T1; 9) d)e (qv X2; 6) ¢n (qv 2 9) dqudMngMZ
5 J 6 (a.2150) ¢, (q,22;0) ¢, (q,2:0) dpux, dpx,dpy

uniformly in 6.
Together, equations (D.2.43), (D.2.45), (D.2.47) and (D.2.48) imply that

L 1=9 f v (1:17 T2, Z) ¢5 (q7 X5 0) ¢s ((L T2; 0) ¢7] ((L Z3 9) d:qud:U“XQduZ
hN ) fd)s (%Il;g) ¢s (q7$2;0) d)n (q,Z,@) d.qudqud:uZ

dq

1 1= f W (21,2, 2) ¢5,N (q,71;0) ¢5,N (q,2;0) %,N (q,2;0) d/u’XN,ld/u’Xngd:uZN

_E 5 f ¢5,N (q,71;0) %,N (q,2;0) %,N (q,2;0) d/J'XNwld/’('XNygd:U“ZN
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converges to

Limas @) [ ar L) @000 @) ) L (Fb (@ = 9(0)) i,z
’ 5 J 0 (a,2130) 6. (q,22;0) ¢ (q7z,9)duxldux2duz
N 1—5qu(9)f (z1,22,2) 6. (q,21;0) fL (Fyp ( h(%zﬁ)) ¢n(q72;9)duxldux2duqu
5 f¢ (¢,21;0) . (g, wzﬁ) by (4,23 0) dpux, dpx, dpiy
S (Q)f w1,2,2) fL (Fy (@) — h (13 >)¢> (0.220) 0, (0,250 dtx, i,z
5 f¢ (¢,2150) ¢ (4,%2;0) &, (4, 2:0) dpx, dpx, dpiy

+/1_6 f\IJ($1,fE2,Z) (be (Q7x179)¢ (q7$279)¢ (q,Z,e)dGXId,LLXQd,LLqu
1)

[ 6-(q,2150) ¢. (¢,22;0) 6, (4,2 0) dpux, dpx, dp
+/15f‘11(w1,93w)¢5 (¢, 21;0) ¢, (q,:cz, 0) ¢, (4, Z;H)duxdezduqu
5 [ ¢ (4:71;0) ¢ (q,72;0) ¢, (¢, 23 9) dpx, dpx, dpiy
N /”f U (21,29,2) ¢ (¢, 2150) ¢, (¢,2230) &, (q, % 0) dixc, dpux,dG 7
5 [ ¢ (q,21;0) ¢. (q,22;0) ¢, (g, 2; 9) dpix, dpx,dpz
+/1‘5f‘1’(w1,x27z)¢5 (4:2130) 6 (a,2:6) &, (a7 0) du, dpix, dpz
5 [ ¢ (¢,71;0) ¢ (q,72;0) 6, (¢, 2; 9) dpx, dpx, dpiy

dq

a(0,9)dg, (D.2.49)

where L¢ (0, q) is defined in equation (D.2.47). This expression is therefore the Hadamard derivative of interest.
[

Lemma D.2.12 Suppose that f. is bounded away from zero on every compact interval, and h (x;0) is uniformly
px —integrable over € ©, then for every q € (0,1), infgeco [ f- (F‘;;le (q) — h(x; 9)) dpx > 0.

Proof. First, we show that there exists M < oo, such that infgce Fy 4y (¢) > —M and supgee Fyy (q) < M.
To do so, it is enough to show that for any § > 0, there exists M such that supyP (|h (z;0) + €| > M) < 4.
The triangle inequality implies that sup, P (|h (z;0) +¢| > M) < supyee P (|1 (z;0)] > &) +P (| > &). For
large enough M, the second term is less than g by definition and the first term is less than % since h (x;0) is
uniformly integrable.

Since for each ¢ the map from 6 to F}, 10(q) lives in a compact interval, F‘;;le (¢) — h(x;0) is a uniformly

3

integrable family. Therefore, infgce [ f- ( ‘;b (q) — h(x; 0)) diy > 0 since f. is bounded away from zero on
any compact interval. m

D.3 Proof of Proposition 5

Proof of Part (i): We need to show that sup, [(¥x — ¥y (0)) — (¢ — ¢ (0))| converges in probability to zero.
By the triangle inequality,

sup |(Wn = YN (0) — (b =¥ (0))| < [y — ¢ +sup Y (0) =9 (0)].
Proposition 3(i) shows that [, — 9| converges in probability to 0. We now show that the second term also
converges in probability to zero.

By definition of ¢° [mx,mz],

Yy (0) = (0) = UJO [ﬂXNa ,UZN] (0) — 7/’0 [x,kz] (0) .
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Further, for any § € (0, %), we have that

|7/10 [NXNaNZN] () — 7/’0 (txs th7] (9)| < ‘1/)6 [NXNMU'ZN] () — 7/’6 (xs 7] (9)’ +2 H‘I’Hoo J.

Proposition 4 implies that 1/)6 [y, ty] : LY — LS is uniformly continuous in jiy, pt,. Since I'x is puy-Glivenko
Cantelli, and I'z is p,-Glivenko Cantelli, sup, ‘1/15 (x> bz (0) — V0 [y, fiy) (0)‘ converges in probability to
zero for any § € (0, 3) by the continuous mapping theorem. Hence, supy |1y (8) — ¢ (8)| converges in probability
to 0.

Proof of Part (ii): Consider the process

VN (¢n =1 (60))
\/N(HXN _,UX) >
N/2(pgy — bz)

where vV N (uXN — uX) is the empirical process indexed by I'x and /N/2 (,uZN — ,uZ) is the empirical process
indexed by I'z. Proposition 3(ii) shows that this process converges weakly to the Gaussian process, G =
(Gy,Gx,Gz), which a mean zero Gaussian process with covariance kernel V.

By the functional delta method and the Hadamard derivative derived in Proposition 4, we have that
mhy (6) = VN (= v (00)) = VN (v (0) v (0))

converges weakly to a mean zero Gaussian process

Gy — Vigx.an ¥ llx, 17] (0).

Therefore, there exists a sequence dy of positive numbers decreasing to 0 such that

a(m3 (), Gy = Viax 600" lixonz] () =0,

where d is a metric for weak convergence, and (by Assumption 6(ii)c.)

Sup |Viaxan U™ [ 2] (0) = Viaxant™ i 7] 00)] = 0, (1)
10—00l<bn

In what follows, we fix such a sequence of § .
We derive the limit distribution of m% (6) = VN (¢ — % (60)) to show Condition 1(ii) a. By the triangle

inequality,

d (mYy (60) . Gv = Vax,an¥" lux: 1zl (60))
< d(mb (80) m¥ (00)) +d (MY (90),Gw — Viax.ant™ i 1z) (00))

+d (G = Viax,a V™ s 12) (00) . Gw = Viar,a¥” xs 1iz] (60) )

The first term converges to zero as N — oo by Assumption 6(ii)b. The second term converges to zero by the

choice of § . The third term goes to zero since

(G\I: —Viex.an?™ lix iz] (90)> = (Gw = Vigy.an?’ lux 1z] (60))
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converges in probability and therefore in distribution to 0 (by Assumption 6(ii)d). Hence, m% (6o) converges
in distribution to Gy — V(Gx,Gz)l/JO [tx, 7] (Bo). Note that this limiting random variable is distributed
N (0,lims_o V%) where V? is the variance of Gy — V(GX,GZ)QZJ‘s [txs tiz] (Bo).

Now, we verify Condition 1(ii) b. By the triangle inequality, for any sequence {by} of positive numbers

converging to zero,

sup ‘m(])\, (6p) — mY (9)| < sup ‘m‘]sVN (0o) — m%v (9)) +2 sup ‘m?\, (9) — m‘]sVN (0)].
[[6—60]|<bn [[6—060]I<bn [[6—60|<bn

Note that, by the triangle inequality,

a(my (60),m¥ (0)) < 24 (MY (), Gw ~ Vigx.an®™ . pz] ()

+d (G = Viax.an¥™ I, 12) (0), Go = Viax.an ™ lix, 12 60))

converges to 0 since supjjg_g,(j<bx ‘V(GX,GZ)w [ex, ,uZ] 0) -V GX’GZ)W;N [exs tty] (90)‘ = 0, (1). Assump-

tion 6(ii)b. implies that 2E sup|g_g,<py ‘mN (0) — 0)‘ converges to zero as N — oo. Therefore,
2 sup ‘m?\, (6) — m3y (9))
16—00]|<bn

converges in probability to zero. Hence,

VN (¢ (60) — ¥ (60)) — (¥ (0) — ¢on () = m%y (Bo) — m (6)
= s VN (@ (80) = ¥y (80)) = (0 (0) = 0)))] = S [ 00) =i (6)] = 0y (1).

E Auxiliary Results on Estimation

E.1 Primitive conditions for Assumption 4(i)

Assumption E.1.8 (i) U (x1,x9,2) is bounded and symmetm’c n 1 and T

y i |£L(v—h(x:60))]| fn(u=g(2:60))]
(ii) The quantities [ T7(o—h(X00))diix dpy and [ TFa(=a(Z00))dr s
respectively

du, are uniformly bounded in v and u

Lemma E.1.13 If Assumption E.1.8 is satisfied, then HV{&H < 0o. Hence, ¥ (v1,v2,u;00) is Lipschitz con-

tinuous in vy, v and u.

Proof. Note that

QZ (/0171}2a u)
/\Ij (X17X27 Z) dﬂX\vldy’X\vgdu’Z\u

= /\Ij(leX%Z) fv,m ('UlaXl) fv,m (U27X2) fu,z (ua Z) dqud:U’XQd;u’Z

fe (v—h(x;eo)) fn (u—g(2,60))
J fe (v —h(X;00)) dux [ 1o (w—g(Z,60)) dpy,

and fu 2 (u,2) =

where f, . (v,z) =
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We will only show {/} (v1,v2,u) has a bounded derivative with respect to v; as the proof for the other two

arguments are identical. Note that

0 fe (v = h(z;00))
v [ f-(v—nh(X;00))dux
fL(v—h(z;00)) fff(v(vh(hxzei(;)dux J fL(w = h(X;00))dpy

= [ fe (v —=h(X;00))dpx (f fo (u—h(X; 90))dﬂx)2 (E.1.50)

If the expression in equation (E.1.50) is py integrable in X, then the Dominated Convergence Theorem implies

that the derivative %1]) (v1,v2,u) exists and is given by

0 - ~ ~
/\P(XlaX%Z) 87,01]011,27 (Ulaxl) fv,x ('UQaXQ) fu,z (uaZ)dMde,qu2d,uZ'

To proceed, we will show that

/< £ (v — D (2360)) fo(o—h(z:00) [ f.(v—h XHO))duX>dMX

" JF-(0=h(X;60))dux (ffs (v —h(X; 90))d,ux) -
AGIE eo>> T =g 00)) [ fy(u =g (Z00)) g .
S”p /<ffn (w9 (Z,00) dp (ffn 9(2,00)) dyiz)” )d“z )
for the first expression since the proof of the other expression is identical. Note that
o [ (bt 0= e o) [0 —h Xt i
[ f- (v = h(X;00)) dpx (f f- (v = h(X;00)) dpuy) .
. —h(@00) S (0= h(w00)) [ (0= h(Xi00) dux
= p/‘ffs —h(X;60)) dp (ffe(w—h X'HQ))d,uX)2 hx
N h(wi00) | |Fe o= hw00)) [ 12 (0= h(X300) dix
= p/'ffs h(X,Qo))d#X‘ (ffg v—nh X,Ho))d,ux)2 A
o [ L= (@500)) [ F (0P 00 s, 10— 0 (X 00))
= J 1 ( v—h(X,@o))d/wd“XJr p/ (J f- (v = (X;600)) dpy)’ dhx
[fe (v —h(x:60))|
= W) T o= R (X)) d

h(% 09)) £ (v—h(X;00))]
+Sup/ff5 h(X;60)) dpx ffs v—h(X;00))duy Hx
|f5 (Uﬁ (x700))‘ h(X 90))

T7- (0 — T (X:60)) dux "X <”S“p/ ffs ee %))duxd“X) <

by Assumption E.1.8 (ii).
Since |||, < oo (Assumption E.1.8 (i)) and

dux SUP

IN

sup

/fvm (v2, X2) fu,» (u, Z) dpx, dpy

X1,90 / ,7 Z 90))
d <1,
/ffe X1790 dMXI ffn Z ‘90 Hhz =
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we have that

67¢ (v1,v2,u)
- > ffa Ulfh(X'eo))d (ffg ’Ul—h(X;eo))d/JX)Q
(Xl, 90 ’LL - Z 90))
dg
ffe X1790 dqu ffn Z 00)) dpiz

]

E.2 Primitive conditions for Assumption 6(ii)

For each = and z, define the Lipschitz constants hrc (z) = supgee %, and gro (2) = supgee %.

Assumption E.2.9 (i) U (z1, 9, 2) indexed by xo and z is px-Donsker and ¥ (x1, x2, z) indexed by x1 and xo
s W, -Donsker
(i) fe and f, are bounded away from zero on any compact interval of R, and have continuous first derivatives
(1) there exist constants Cq, Cy > 0 such that

max{fs (), fo (), IfL) | f; (v)|7supP(h(x;9)l>v),supP(|g(z;9)|>v)}<Clexp(—Cz |v])
0ce 0€©

(iv) [heo (X) duy, [ gre(Z)" dpy,
(v) U (z1,22,2) = Zf 1 ap V¥ (z1) U (22) U, (2) with H\IlkHOO < oo for some constants a1, ...,aK

i) 1100 J70 " HOO, and [~ ‘fé’ (v)’dv are finite
(vii) € and n hcwe full support on R

q are finite
o0

Theorem E.2.5 If Assumption E.2.9 is satisfied, then Assumption 6(ii) is satisfied.

Proof. Assumption 6(ii) a. is verified by Proposition E.3.7.
Assumption 6(ii) b. is verified by Proposition E.4.8.
Assumption 6(ii) c. is verified by Proposition E.5.9.
Assumption 6(ii) d. is verified by Proposition E.6.10. m

E.3 Donsker Properties for I'y and I';

|h(w;0)7h(m;9')‘

For each z, define the Lipschitz constant hrc () = supyceo 0=0]

Claim E.3.1 Suppose

1/2
1. (thc (x)QduX> fll. and [ @ are finite

2. U (x1,x9,2) indexed by x4 and z is py-Donsker

Then, we have that
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1. F.(¢—h(z;0)) indexed by c and 6 is a py-Donsker class.

2. If [ |fL(v)]dv < oo, then f. (¢ — h(x;0)) indexed by ¢ and 6 is a px-Donsker class

3. If [T |fY (v)]dv < oo, then f. (c — h(x;0)) indexed by ¢ and 6 is a pux-Donsker class.

Proof. We only spell out the argument for the second statement since the other two are analogous, as
f_ |fe (v)] dv =1 by definition. Consider the class

fe(c—h(z;0))

indexed by ¢ € R and § € ©. We will show that this class is Donsker by bounding its Ls-bracketing number.

Fix a partition —oo = ¢y < ¢1 < cg < ... < cny = 0. Lets compute

Therefore,

IN

IN

IN

sup / e (e — B (@10)) — fi (enss — b (2:0)] dux
0cO

21fcl.o sup / e n = 1 (a30)) = 1. (ens = h(530) | di
20fclsup [ [ 172 = b0 dedux

S [ e en = 1 (0:0)) = £ (oo = B i) i

20fclsup [ 3 [ 11 (e~ b o0 dedx
211f- . s0p [ ] 12 bimsopldedny
2fell [ 172 de

— 00

K <

where K does not depend on the choice of ¢y < ¢1 < ¢ < ... < cy. Now, consider the function

Note that f (a) is continuous, non-decreasing and has image [O, f (oo)} For any N and n € {0,...,

f(a)=2||f5||oo/a f(0)] de.

—00

w1 )

Then, for each n inequality in equation (E.3.51),

sup [ 17 (e = 0 2:0)) = fo(ensr = (2 0)))* di < .

0€©
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d
Consider an 1/v/N-net © C R¢, ©; for i € {1,...,D}. Note that D = (\/Ndiam (@)) . For each ©; and each
n, define the bracket

inf inf f.(c—h(z;0)),sup sup f.(c—h(x;0))]|.
0€O; cElcn,Cnt1]) 0€0; cElcn cnt1]

The volume of these brackets are
1/2

/ [sup sup  fo(c—h(z;0))— inf  inf  f.(c—h(x; 9))] i

0€O; c€lcn,Cnt1]) 0€0; c€lcn,cn1]

(J U =)~ el = nes0 ) )

) </ e (e = b (@:07)) = fe (7 —h (a0 mzduxym
+ </ [fo(c™ = h(z;07)) = fo (¢ —h (ff;g_))]Qd,uX)l/Q
< <§) 1/2 + 1l oo </ hic (x)zdﬂx)w . -

2\ /2
(N) +7\;N°° (/ hio (z)? dMX) =KN"'2

Therefore, the e-bracketing number is bounded by a polynomial in 1/e. Therefore, [;° \/log N (¢)de is finite,
where N () be the ¢ bracketing number of this class. By van der Vaart (2000) Theorem 2.5.6, it follows that
fe (¢ — h(z;0)) indexed by ¢ € R and 6 € © is a py-Donsker class. =

Proposition E.3.7 Suppose that the conditions for Claim E.3.1 hold and | f,|| ., then I'x is a px—Donsker

class. Analogous conditions imply that 'z is a p,—Donsker class.

Proof. We only need to show that the terms

W (a0 o (Fob (@)~ h(@6)) £ (Fb (@)~ h(2:0) £, (Fop (a) - 9(2:6))

and
W (o1,@2,2) L (Fyp (@) = h(@1:0)) £ (Frl (@) = b (2230)) £ (Fif (@) = 9 (2:0))

indexed by (z1, 2, q,0) are py-Donsker classes. This is because the terms 1 {c; < x < ¢o} are py-Donsker since
they are intersections of half-spaces, and therefore suitably measurable VC-classes. The remaining terms are
tx-Donsker by Claim E.3.1.

Note that f. (F‘;jg (q) — h(z2; 9)) indexed by (g, #) is a sub-class of the uy-Donsker class f. (¢ — h (z2;0))
indexed by (c, ), and is therefore py-Donsker. Further, the quantities

W (@1,22,2) £ (Frh (@) = h(1:0)) £y (Fih (0) — 9 (:6)
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are uniformly bounded and measurable since [|V|_, ||f:|., and |[fyl|,, are finite. Since the product of two
bounded Donsker classes is Donsker (van der Vaart (2000), example 2.10.8), we have that

U (r20,2) f2 (Frly (@) = b (@1:0)) £ (Fof (@) = h(@2:0)) y (Fil () = 9 (30))

3

and
W (01,02, 2) L (Fyp (@) = h(@1;0)) J- (Frby (@) = b (@259)) fo (Fh (@) = 9 (2:0))

indexed by (z9, 2,q,60) are py-Donsker classes. ®

E.4 Primitive Conditions for Assumption 6(ii) b.

Our result verifying Assumption 6(ii) b. is stated in Proposition E.4.8 below. The main technical difficulty is
solved in the following lemma. This result requires preliminaries proved below in Appendix E.4.1.

For each  and z, define the Lipschitz constants hrc (z) = supyeg %, and grc (2) = supgeeg %.

Lemma E.4.14 Suppose that [ hrc (X)4 dux s finite, and there exist constants Cy, Co > 0 such that
max {112 ()] sup P (1 (3:0)| > 0) | < Cresp (~Calo).
€
Then, for any function ¥ (z) with ||V, < co, we have that (i)

Bsup [ |VN (s, —ux) (¥ (X) £ (0 = b (X:0))| o

is bounded and

(ii) for any sequence of positive numbers {rn} which decrease to 0 as N — oo,

B s [V (i, ax) (0O (0= B (X362) = fo (0= b (X:02)])] dv = 0.

161 —02][<rn

Proof. The argument combines ideas from Pollard (2002) recursive proof of Ossiander’s bracketing functional
central limit theorem and an application of Boucheron et al. (2003) (Theorem 2) concentration inequality.

Let D be the diameter of the parameter space © and for nonnegative integer i, let §; = D27%. Fix a natural
number i*. Fix a d;« net of © of size N (§;-) and for each § € O let B (#;i*) be the center of a ball in this d;
net which contains 6. For any nonnegative integer ¢ < i*, fix a §; net of © of size N (§;) and recursively define
B (0;1) to be the center of a ball in this §; net which contains B (0;i+ 1). Note that this definition implies
d(0; B (0;i*)) < d;«, d(B(0,i),B(0;i+ 1)) < 0;, and that B (6;1) takes on at most N (4;) distinct values. By
repeated application of the triangle inequality, d (B (6;i),6) < 24, for all . Let C. = f |fL (v)| dv. Note
that C. < oo by our exponential tail bound on f..

. - - di
For each i < i*, let V; = VN ox N (o) let

Ri(0,v) = VN (uxy — px) U (X) [f- (v— 1 (X30)) — f- (v — R (X; B (6;9)))]

and T; (0) = {x chro (z) < 2‘&_}
To prove part (i), we separately bound Esupy [ |Ro (0,v) T, (0)|dv and Esup, [ |Ro (0,v) T§ (0)|dv. To
prove part (ii), we must similarly show that Esup, [ |R; (6,v)T; (8)| dv and Esupy [ |R; (0,v)Tf ()| dv go to

0 as 7 — oo.
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As noted by Pollard (2002),
RT; = Rit1Tip1 — Ripi Ti Ti1 + (Ri — Rigr) TiTiy + RIGTY, .
It follows that

Bsup [ R (0.0) T (0)] o
0

IN

ESHP/ [Rit1(0,0)| Tiqa (0) dv + ESUP/ |Rit1 (0, v)| T7 (0) Tigr (6) dv (E.4.52)
6 0
+Bsup [ (R (6.0) = Ria 0,0))] T (6) T ()
+Bsup [ (R0.0)|T: ()T, (0)do
%

= Esup/\RO (0,v) Ty (0)| dv
o

IN

Bsup [ R (0.0) T (0)] do (E.4.53)
0
=1

+3 {Esgp / [Ris1 (6,0)| TF (6) Tips (6) do
i=0
+Bsu [ R (6.0]T: ()T, (0)do
+Esup / (Ri (0,0) — Risr (0,0))| T (6) Tixa (0) dv} . (E.4.54)
We need to show that each of the terms above is bounded. First, we show that summation is bounded. Lemmas

E.4.15 and E.4.16 (below) imply that there exists a constant K such that each of the terms in the summation
is no greater than K/log N (4;)d;. Therefore, equation (E.4.54) implies

Esu /RZ- 0,v)T; (0)|dv < Esu /Ri* 0,v) T« (0)|dv+ K log N (6,)0;. E.4.55
[ 1R 00T 0o < B [ e 00T @lav+ K 3 hoa N G5, (B.4.55)

We now show that as i* — oo,

Esur)/ |Ri= (0,v) Ty (0)| dv — 0.
6
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For any ¢, we have that,

IN

IN

IN

IN

Esup / IRy (0,0) T (0)] do
Esgp/‘\/ﬁ(u“ ) WO e (v R (X50)) — f (v — B (X3 B (0:0)))]| do

VNEsup / (i 10l 1o (0 — B (X56)) — f (0 — b (X; B (6:))
g [l | (0 — B (X:6)) — fo (v — B (X; B(6;0))]) do

1 .
\/NII‘I’IlooESgpNJZ_;/(Ife (v—h(X;;0)) = fe (v —h(X;;B(6;1)))]
+x 9] o | (v = h(X;0)) = fo (v = h(X; B(6;9)))]) dv

VN 9], ESI;D%Z@ (Ih (X533 0) = h (X535 B (050)) + pux [ (X50) — h (X5 B (6;2))])

N
VN9l B (}Vz_jc (26: |hzc (X,)| + 1261 Iz <X>|>)

46, 19|, CeV'Npxhe (X). (E.4.56)

Hence, equation (E.4.55) implies that for any i* > 4,

Esup/ |RZ (971)) E (9)| dv < 4(51*
0

ONNuxhre (X +KZ§,/1ogN

Therefore, for a universal constant K’,

Note that

IN

0

K’ / VIog N (8)ds
0

K’/ V1og N (§)dd < oc.
0

Esup / IR: (6,0) T, (6)] dv
0

IN

and Esup/ |Ro (0,v) Ty (0)| dv
0

Esup/‘Ri (0,v) T{ (0)] dv
0

= Esup [ |V (uxy —ax) Ue (0= B X300) = Fe (0 = (X B (000 { v

Vi

2}
vN

2 /e N 5

IN

Eszp/jo ‘W(HXN - Hx) [fe (v = h(X;0)) — fe (v — h(X;B(6;1)))] {X thpo (X) > dv

IN

251‘ES‘;PW(#XN +#x) th(X){X thro (X) > L}/ﬁ; . )’dv

2y/log N (6;)
oo . 3
461-\/N/ |1 (v)|du,uthc (x)* [M]

VN
- wl [

IN

3
2

dopxhpc (X)* 6; (log N (8;))
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Since N (4;) is not greater than some polynomial in 3, sup; §; (log N (51))% < 00, we have that

SupEsup/ |Ro (0,v)] dv
N o

< supEsup/\RO (0,v) Ty (0)|dv+supEsup/|R0 (0,v) Ty (0)| dv
< / V1og N (3 d5+32—/ V)| dvpxhre (X)* 60 (log N (80))*
<

This completes the proof for Part (i). Similarly, for any sequence of iy — 0o, as N — oo,

Bsup [ R (0.0)]do

< Esup/\RlN 0,0)T;, (0 )|dU+Ebup/|RLN (0,v)Tf, ()] dv—0

We are now ready to show the main result:

Proposition E.4.8 If the following assumptions are satisfied

(i) T'x and Tz are respectively pix- and pu,- Donsker
(i) fo and f, are bounded away from zero on any compact interval of R, and have continuous first derivatives
(#3) there exist constants Cy, Cy > 0 such that

maX{fs ), fo (), If2), £, ()] 721618P(\h(x;9)| > v)aslelgp(lg (2:0)| > v)} < Crexp (=Cz|v])

are finite

(iv) [ hoe (X) dpx, [ gro (Z)*dpy, .
(v) ¥ (z1,22,2) = Zszl ap V¥ (z1) U (22) U, (2) with H\IlkHO<> < oo for some constants aq,...,ax
then for any sequence of positive §n and T decreasing to 0

VNE sup (@l sig] 0) =[x nz,] 0)) = (07 laxsiz] (0) = 0% [ix oz, ] (0))| = 0 (1)

10—00l|<rN

as N — 00.

Proof. The proof proceeds by first manipulating this expression into a sum of similar terms which can all be

handed by Lemma E.4.14. To ease notation, define

¢n( ) = fn Ey,

q,z2;0
bor (@:50) = fy (Fkg (@) = 9(2:0))
0. (

q,;0)

Il
o
TN TN N ~
&
N
—~
()
=
|
>
—~
8
>
S~—
~

ben (@30) = fo(Fylo()—h(z:0)).
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First, note that

(6 s 2] (8) = [ 1z ] (0)) = (0 T 1e2] (0) = 47 [y 1z ] (9)

/ /1 N[O (21,29, 2) b (q,21;0) O, (q,72;0) &, (q, 2 0) dpx, dpux,dpsy
f¢g qvxl;e) ¢a (anQ;e) ¢T] (q,z,@) d:qud:qud/’(‘Z
/ /1 J f‘I’(ﬂfhxz,Z) Po N (q,71;0) ¢ N (q,72;0) by N (q,2;0) dMXN,ldUXN72d#ZNd
f(bE,N (qaml;e) ¢5,N <q7 1'2,9) ¢77,N (q,Z,e) dMXN,1dMXN,2dMZN
([/ /1 5
1 1—
L

f v (xla x2, Z) ¢5 (anl; 0) d)e (q7$2; 9) ¢77 (qv Z; 0) d/ind/}’nguZ
1 1-6
Iy
= A1+ A

dq

dq

f ¢5,N (q,71;0) ¢>e,N (q,2;0) ¢n,N (q,2;0) dﬂxldﬂxzd/iz
J Y (@1,22,2) 6o v (0:0130) Ge v (4, 2230) by v (4 230) dpux, dpiy, dpiy
f¢s ~ (g, 71;0) ¢5,N (q,2;0) %,N (q,2;0) dpx, dpy,dpy
f‘l’ (w1, 22,2 ~ (q,71;0) ben (q,2;0) ¢nN(Qaz'9) dﬂXNldMXN2dMZN dq)
f ¢e ~ (g, 21;0) ¢5,N (q,22;0) ¢n N (g,20) dNXN 1dMXN NN

[}

f‘P(fL’l,w%Z) ¢5,N (q,21;0) ¢5,N (q,2;0) ¢n,N (q,2;0) d#xldﬂxrzdﬂz dq)

+

dq

f (bs (q7 X1, 9) qbs (Qu T2; 9) (bn (Q7 2 9) dMdeuXlel'LZ
/1 /1 5

First, we bound the absolute value of Ay. Since gn,v. (¢) = Fy.g (FJG,IV;O (‘Z)) and ¢ (anvio (9),2:0) =
¢..n (¢, 7;0), we have that

.
I
.
I

By a first order Taylor expansion,

w1

1693, | (Esuplasro () —al + Bswplavwa @) —al)

SV (21,29, 2) ¢ (q,71;0) O (¢, 72;0) by, (¢, 23 0) dpx, dpx, dpiz
f¢5 q,T1; )d)s (QWTQ; 0) (bn ((L Z3 9) d:qud:U“nguZ

f \II .’1?1,.’1)2, ¢5 N (qaxl; 9) ¢E,N (q,-’I/'Q; 0) ¢n,N (Qa z3 9) d/’[’deMde:U’Z
f¢aN q,%1; )%,N (q,$2§9) ¢7/,N (q,z;@) dﬂxldﬂxgdﬂz

f \II xlaan ¢5 (qaxh )(be (qax2; 9) ¢'q (q7 Z; 0) dMde/’LdeluZ
f¢5 q,T1; )¢8 (q7$279) ¢17 (qaz79) d:qud/J’XZd/’LZ

J W (21,22, 2) b (an,vi0 (@) s 150) b (anvi0 (0) s 22:0) &y, (a0 (0)  230) dpux, dux,dpy
J o (anvvie (@) ,2150) ¢ (an,vio (@) s 22;0) &, (an 010 (0) 5 23 0) dpx, dpx, dp g

A dq

dq

dq

dq.

IN

VNEsup |A|
0

p <2E Sup lan,vie (@) — gl + Esgp lan,use (@) — ql) dq

IN

Since HViZJqH < 00, we only need to show that vV NEsup, 4 [qn,v.0 (¢) — q| and VNEsup, o [gn,v,e (¢) — g are
o0
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finite. Note that

anyvie (@) —q = Fvy (F]G’lv;g (Q)> —Fnyvie (F&}\/;a (Q))
(hx — 1xy) (F (FNVG( ) - h(X;9)))
\/NES;’? |(x — pixy) (F- (v = 1 (X;0)))|

< o0

IN

= V/NE sug) lan,v;6 (@) — gl
q,

since F. (v — h (X;6)) indexed by v and 6 is j1 y-Donsker. An identical argument implies that v NE sup, g lan,v0 (¢) — 4|
is finite.
To bound the absolute value of As, let

puio (1:2) = o (Fihrg (Fwo (v) = g (1))

<[/1 /175] J ¥ (z1,22,2) e N (0:2150) b N (¢, 2250) by v (4,23 0) dux, dux,dpy u
- s q
J ¢e,n (0,2150) ¢ N (0, 22;0) ¢y N (¢, 250) dix, dux,duy

{/1 /175] J ¥ (21, 22,2) o N (¢, 215 0) b N (¢, 225 0) by N (2,23 0) dux dix 5z )
_ — : 2 dq

S be,n (0,2150) be N (0,225 0) by v (4,23 0) dix  dixy pdpzy

_ (/oo 3 F§}V;9(1*5)> J ¥ (21,22, 2) fe (v — h(2150)) fe (v — h(22;0)) py N0 (v, 2) dux, dpx,diy /lf (0 — h (213 0)) dpix . do
o € k N

Fyly .o [ fe (v = h(21;0)) fe (v = h(22;0)) py N0 (v, 2) dux, dux, dig
</oc N LACE 5)) S @1202) Jo (0 = b (@1100) fo (v = 0 (22:0) g0 (00 2) diey by pdizy
Fyl e Jfew—=h(@130) Py nio (v, 2)dpx y duzy
NS 1-8)\ [ (21,22,2) fe (v—h(21;0)) fe (v — h(22;0)) py N0 (v, 2) ditx, dix., d
(/ NNVV:(; )> = 7 f:(v)ffh((zl;mg 7 (Zlfh((zz;e)g Pi;,N);)ep(;,]\;)ecl(uxl)d:)zld:z}(2 = [ e a5 (e = i) an
(/oo B Nﬁv;g(l—é)) J ¥ (21,22, 2) fe (v — h(2150)) fe (v — h(22;0)) py N0 (v, 2) dix  dpuxydig [ fo (v —h(x150)) dux
Fylo® Jfe (=R (21;0)) py N0 (v, 2) dux, duig [z (v —h(21:0) dix
</oc NV9(1 a)) ¥ (21,22, 2) fe (v —ug (21)) fe (v = h(2250)) pyy ;0 (v, 2) dux y dix g ydizy "
Fylio® Jfe (= h(z150)) py,nio (v, 2) dix s dizy

= Ty +Tp,—Ts

where the first equality follows from the change of variable v = F&,lv;e (9).

Note that
VN < VN[, (/ /F;V:;) )'/fsv— (2150)) (dpx — dpx) | dv
< VN[, (/ /F;V:;) )' [ £ a0 (dux,, - dﬂx)‘d

dv.

SR [ 10 R0 = £ 0= b s 00)] (i, — dix)

Hence, Ev'N SUP|g—_go||<ry (IT1]) [6=65 — O for any sequence of positive 6y and 7y decreasing to 0 by Lemmas
E.4.14 and E.4.19.
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Now we bound T, — T3 by splitting it into three terms, and bounding them,

T, — Ty
/ / Fyvio(1=9) f‘I’ (w1, 22, 2) fo (v —h(21;0)) [ (U_h($259)):0n,zv;o (Uaz)dMXIdNXQdﬂzdv
[ fe (= h(x1;0)) py e (v, 2) dpx, dpuy

(/ / Nve(l 5)> J O (21,22, 2) fo (v = h(2150)) fe (v—h(22:0)) py n;0 (Vs 2) dpix Ay, dpiz, v
F

NVG

J fe (v = h(21;0)) Py (U, 2) dpx, Az,

NV9(6

v

/ / e\ [ (21, 20,2) fo (v —h(x1;0)) fo (v — h(x2;0)) PN (U, 2) dpx, ,d (MXN,2 - MXQ) dpizy
Fo ffs ('U —h (‘rl; 0)) Pn,N;0 (U’ Z) dp’XN,ld'u’ZN

NVS

= Ri+ Ry — Rs,

where

dv

Rs =

/ / NVg(]. %) f\I/(xl’xQ,Z)fg (’U_h(l'l;e)) fs (U_h(mQ;e))pn,N;O (U’Z)d/J’XN,1d(MXN,2 _/”sz) d/”LZN
F ff& (’U_h(xl’a)) pn,N;H (’U’Z) dMXN,ldN’ZN

NV9(6

S / / Wra0\ [ () WE ) £ (0 = b (@130)) pyvip (0 2) diix, iz
= k
Frvo(®) J fe (v =N (z1;0)) PN (V5 2) dpx iz,

[ ¥ @) 1 (0 = b)) d (pix,, — mx, ) diax,do

)
(f_ NVg (1- 5)) ‘f Uk (z) fo (v — h(z;00)) <d/LXN72 —d/J,XQ)‘dU

NVH

K
= VNIRs| <> an | Wil 92 VN
= | @) e (0= R (30)) = £ (0= (@500))] (dpx,, — dpix, )| do
Hence, EvVN SUP|jg—g||<ry ([123]) [s=55 — O for any sequence of positive 6y and ry decreasing to 0 by Lemmas

E.4.14 and E.4.19.
We will now break R + R into three terms

</~oo 'F;}V;(,ufa)) ¥ (@1,22,2) fo (v = h(2130)) fo (v = h (22:0)) Py, i0 (v, 2) diix dixydiig
- v

Fyly e J fe (v = h(21;0)) py N0 (v, 2) dux, duy

/oc NV9(1 5\ S ¥ (@122, 2) fe (v = h(2130)) fe (v — b (22;0)) oy ny0 (v, 2) dx dixydizy W
Fyle® S fe (v = h(2150)) pyy, Njo (v 2) dux y diz
/oo N Lie(1=9) /f (v — h (:0) ds J ¥ (21,22, 2) fe (v = h(2150)) fe (v — h(22;0)) py N;p (v, 2) dux dix,dug o
PRl o ‘ K x [ fe (0= h(213:0)) fe (v — b (2250)) py noo (v, 2) dpax, dpxy dpiy
B </oc B ,Nl’v’g(l a)) /fa (Uih(z;e))duxzf‘l’(m,m&)fs (v = h(2130)) fe (v = h (225 0)) Py nyo (v, 2) dux dixydizy W
I Fer;e(é) J fe (v —h(x1;0)) fe (7’_}7/(3?2?8))/777,1\7;9 (7)’z)dNXN,1d“X2d“ZN
(/oo _ Fj\z}v;e(l—é))/fs (- h(z 9))duxf\ll(ac1,x2,z)f5 (v —h(z1;0)) fe (v—h(acQ;G))pn’N;e (v,z)duxldpx2duzdv
Fyy.e(® J fe (v = h(2130)) fe (v — h(22;0)) py N0 (v, 2) dux, dux,diy
/oc Nvg(l 5) /fz (v—h(m;e))duXNf\I’(IhZQ,Z) fe (v = (2150)) fe (v = h (223 0)) py, N0 (v, 2) dux y  dix,digy o
Fylrio® J fe (v —h(z1;0)) fe (v = h(22;0)) py 0 (v, 2) dux y j duxydizy
oo U (21,22, 2) fo (u— ug (x1)) fe (v — up (x2)) Py, N0 (v, 2) dp dpx,dp
N / B Nﬁvye(l 5) /fs (o= h(210)) (dux *dux) I 1,2 o (z1 0 (z2)) Py N0 Xy XMy
—oo  JFRL, ) N [ fe (w=h(21;0)) fe (v —h(22;0)) py nio (v, 2) dix y y dx,dizy

= M; — Mz + Ms,
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where

dv

VNIMy| < VN[O, (/ /”V9(15>‘/f€v— (2:60)) (dpix — diix)

VG

dv,

VR [ |10 i) ~ £ (0= b a0 (i, i)

80 Esupjjg_g,|<ry VIV (|M3]) [s=55 — O for our sequences 7y,dn by the same argument applied to T1.

We rewrite My, — My as

/ / N e (1-0) <f U (w1, 72,2) fe (v—"h(21;0)) fo (v —h(22;0)) ppy noo (v, 2) dpix, dpix, dpiy
f fe (v =h(21;0)) fe (v —ug (v2)) Pn,N;0 (v,2) dpvy, dpx,dpy

Fy v ()

J O (21,22, 2) fo (v = h(2150)) fe (v —h(22:0)) pyy ;0 (Vs 2) dpixy  diix, dpiz, .
_ [ f- (0 =h(2130)) f- (v — h(22:0)) p, o (v, 2) dpix, dpx, dpiz,, )/f (v — h(z;0)) dpxdv

/ / NV9(1 2 <f\11($17x27z) [e (U_h(wl;e))fs (v_h(x2§9))pn,N;0 (Uvz)dﬂdeﬂdeﬂz
p I S fe (0 =N (22:0)) pyvio (v, 2) dpx, dpig
SV (21, 22,2) fe (u —ug (21)) fo (u—ug (x2)) py nio (v, 2) dpx, dpix,dp g, ) i
[ fe (u =g (22)) pyn0 (v, 2) dpx, dpiz,
L

o =0) ([0 (@1,22,2) f2 (v = R (2130)) f- (v = B (2330)) py 0 (0. 2) (dpix, , — disx, ) i, diiz,
f Je (v —h(x2;0)) Pn,N;0 (v,2) d/iXQdMZN

dv

NV9(5
= N;+ N,
where
- - FN}V;"(”) Uk (2) fo (0 — o (2300)) (dpx.  — duy. )| d
VNN < VS a0 94 Uw&Mm 0 @) fo 0= ha:00) (d, =, )| do
k=1 f_ ’f\lf’f [fe (v —"h(2;0)) — fe (v—"h(z;00))] (dl‘XN,l_dﬂxl)‘dv

80 E'supjig_gy(<ry VN (|V2]) [s=6 — 0 by the same argument bounding 77. We now split N7 into three pieces

Ny (/oo B F,;}V;gufm) <f U (21,22,2) fe (v — h(21;0)) fe (v — h(22;0)) py N0 (v, 2) dix, dpxy diig

Frlyo® J fe (v = h(21;0)) fe (v — h(2;0)) py Ny (v, 2) dux, dux,diy
S ¥ (21,22, 2) fe (v —h(x1;0)) fe (v — h(x2;0)) py N0 (v, 2) du dpx., dp
- : R ENLE2 N [ e (0= ki (:0) dnxcdo
J fe (v =h(21;0)) fe (v = h(22;0)) py, N0 (v, 2) dpx dux,duz
oo FTL — z1,22,2) fe (v — x1;0 e (v —h(z2;0 . N (U, 2
[ [0 W (@1,22,2) Fe (v = h(21,0) F (v = h (22:0)) Py vis ( Vb [ oy
Fn .00 J fe (v = h(x150)) fe (v — h(22;0)) py N0 (v, 2) dux, dux,diy
/oo Filye(=8)\ J ¥ (21, 22,2) fe (v = h(21;0)) fe (v = h (223 0)) py N6 (v, 2) dpxy dixydig /f (v — h (2;8)) dux dv
il (0) JFe (0= h(2150) f= (v — h (22:0)) py nr0 (v, 2) diiy diixydiig ] X
N Frle=6\ S ¥ (@1, 72,2) fo (v = h(21:0) fe (v = h (22:0)) py i (v, 2) (diixy —duxy ) dix,dizy "
—oo  JFEL, () S fe (v = h(2250)) py N0 (v, 2) dux,dug
= 01+ 02+ 03
where
(1-4)
K fOO Nve ))I\Ij h(9 (d —d d
- - 1 z;00)) (dpx Hx v
o0 <V ot | U b | |
= + 7| @) fe 0= h(@:0) = f- (0 = h (2:00)) (dnx, — dux,, )| dv
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E'supjjg_g,|<rn VN (|O3]) |s=s — 0 by the same argument bounding 7.
Now we rewrite O1 + Oz by substituting p, x4 (v, 2) = f; (FJQ’IU;Q (Fj;,lv;e (v)) —g(z 0))

O1 + O3
(/’m _ 'FzG,lv;eﬂfé)) <I\P (21,232, 2) fo (v = h (2150) fo (v = h (225 0)) f (F s (FNlvip () = 9(2:0)) dux, dux,duz
—oo [ fe (0 = (2130)) fo (v = h (2250)) £ (Fy i (Frvip () = 9(250)) dux, dux,duy
J¥ (@1,22,2) fo (v = h(2150)) fe (v = h (223 0)) fn (Fx o (Fr o (0) = 9(230)) dux, duxydiz
- [ fe (0= h(@130) fo (v = h(2250)) f (Fr i (Fylvip () = 9(2:0)) dux, dux,duz,
_ </oo - Fﬁ}v;9(1—6)> <fw (@1,2,2) fe (v = h(2150)) fe (v = h(22;0)) i (Fx o (FrArip () — 9 (230)) dux, dux,dnz
—oo JF [ fe = h(2130) fo (v = h(2250) Fn (Fx trp (Fr o (0) — 9 (2:0)) dpux, dpnx, dpz
J¥ (21,22, 2) fo (v = B (2150)) fe (v = b (2230)) fn (Fx o (Frlvio (0) = 9.(230)) dux, dux,dinz,
- [ fe (0 =h(@130) f (v = h(@250)) f (F i (Fylvio ) = 9(2:0)) dux, dux,duz,
N (/w _ ‘Fﬁ?vwm) (.mm ,@2,2) fe (v = h(21;0)) fe (v—h(zz~9))fn( 1;‘1”,;9 (Fxlvio @) = 9(2:0)) dux, dux,duyg
[ fe (0 =h(@130) fo (v = h(2250)) f (Fy )i (Fxvip () = 9(250)) dux, dux,duz
J¥ (21,22, 2) fo (v = h(2150)) fe (v = h (223 0)) fn (Fx o (FRlvio (0) = 9(230)) dux, duxydiz

fe(v—h(z;0)) (dux — dp dv
J e 0= h(@1;0)) fe (v — h (@250) fr (i (Fhig (0)) = 9(2:0)) diax, daxydiaz ) / (dx = dexy)
= P+ P2,

—1
FN,V:G(E)

) [ 1= 0= n (@) duxa

—1
TEN vie(®)

) /fa (v — h(z;e))duXNd'u

—1
Fnovie®

where
NVG(1 5
VN [P, < VN2¥, (f e )'ffe 0= h(2:600)) (dpux = dpux )| dv
25 S e (0= h(@30)) = fo (v = (2360))] (dpix — dpix,) | do

80 E'sup|jg_g, | <ry VN (|P3|) |s=sx — 0 by the same argument bounding 7.
By change of variables,

q:Fﬁlvo()

= dq—/fE (2;0)) dpx,, dv and Fvae(q) v

followed by a change of variables

q= /Fn (u—g(20)dug,

51



we rewrite P; as

</oo Fyle (- 5)) <fw (@1,22,2) fo (v = h (213 0)) fe (v = h(2250) £ (Fx s (Fr i (1)) = 9(250)) dux, dux,diz
[ fe = h(2130) fo (v = h(2250)) Fn (Fx trp (Fr o (0) — 9 (2:0)) dpux, dpux, diiz
J¥ (@1,22,2) fo (v = B (2150)) fe (v = ug (22)) Fn (Fylyip (Fx Ao () = 9(250)) dux, duxyduz,
- Jfe (0 =h(@130) f= (v = h(2250)) i (F i (Fxlvio @) = 9(250)) dux, dux,duz,
(/1 7/1—5) <f\11 (z1,22,2) b N (2,715 0) e N (¢, 225 0) ¢y N (¢, 2150) dux, dux,dpz
Jbe, N (0,2150) ¢ N (0, 22;0) ¢y N (0,215 0) dpux dux,dug

Filve(®)

) [ e 0= n@i0) duax g av

J ¥ (z1,22,2) e N (0:2150) e N (0,725 0) by v (0,13 0) dux, dux,dig u
_ ’ q
S be N (a,2150) bc N (0,225 0) &y N (0,215 0) dux, dux,dpg

_ </oo - F;}wufa)) (fwm,zz,z> fe (Frlvio (Frlvie @) = h(21:0) fe (Fylvg (FRlpe (@) = b (22:0)) £ (= g (2:0)) dpux, dux, duz
—oo T1e (Frlvio (FNluo 0) = h@150)) fo (Frlvio (FNluip (W) = h(@250)) £y (u— g (230) dux, dux,duz

I (@1,22,2) fe (Fy g (Fr e ) = h @130)) fo (Fy g (FRli @) = b (2230)) fr (u = g (230)) dux, dux,diz
- It (Frlvio (FNlpe ) = h@150)) fo (Fylvip (Falup () = h(2250)) fn (u— 9(250) dux, dux,dnz,

1
Fnouie(®)

) [ 0= 9 z:0) duzy du

</m 5, Lo a>> ¥ @12202) fo (Fiyvio (Fivlo (@) = 2 @1:0)) Fe (Fivlvio (Fivli (0) = b @2:0)) fn (0= 9 (5:0) dix, dieydiiz -
FRY () e (Falvio (Faloe @) =2 @150)) fo (Frlvi (Fa i @) — h (223 0)) dux, dux,
</oo B F&w(l_a)) J¥ @1, 22,2) fe (Fy v (FN e (W) = h@150)) fo (F o (Fy e (W) = h(22:6)) fr (u— g (2:0)) dux, dux,duz
FRlue® It (Frlvio (FNluo ) = h@150)) fo (Fylvi (Fylvip (@) = h(2250)) £ (u — g (230) dux, dux,diz

x /fn (u —g(%;0)) (duZN —duz) du

</oo N e a)) J ¥ (@1,22,2) fo (Fy g (Fr e ) = h(2130) fo (Fy v (FN i (u)) — h(22;0)) fn (u— g (230)) dux, dux,duz, "
FNlue® [ fe (F];}V;G (F;}U;e (u)) - h(ml;G)) ( o ( Nve (u)) — h (o 9)) dpx, dpx,
= Q1+Q2+Qs
00 ~N.v.0(1—=6)
— [ 5 0 d —d d
where VN |Qa] < VN ||¥]| <f—<>° il (6) ) [ £ (= 9(2: 00)) (i — dpiz)| du , and so

o g (u=g(250)) = fo (u— g (2;00))] (dpzy — dpg)| du

E  sup \/N(|Q2|) ls=sx — 0

10—0ol|<rn

by the same argument bounding T;.. Finally, to bound @1 + @3, note that

VN Q1 + Qsl
< uN (/oo ~ Fg}u;gufs)) J¥ @1w2.2) f= (Frlvo (Falue @) = h@1:0) fe (Fy v (Frlue 0) = h(@2:0)) £ (u = 9.(2:0) dix, dux, iy
= —eo JERY, () T e (Falvio (Fale @) = h(@150)) fo (Fylvp (Fy e () = b (2230)) dux, dux,

S @) fe (Fylvi (Fulve @) —h @150) fe (Fylvip (Fyle (W) =k (22:0)) fn (u = 9.(230)) diux, dixy dinz .

It (Frlvio (FNlo @) = h@150)) fo (Fylvip (Fyluie (@) = h(22:0)) dux, dux,
i (1-46) I )
< VNS a9l 92l (f ! f1U:<5> ) S e = eaton (s =tz ) oo
+ 1% [ 02 (@) [ (u— g (2:0) = f (u— g (200))] (duz — duzy )| du

and 50 Esupjg_g, <,y VN (|Q1 + Qs|) [s=5y — 0 by the same argument bounding 7} By the triangle inequality,

the expression

\/—'</ /1 6) f“Ij T1,T2,2 (qvxl;e) ¢6 (q71‘2;9) ¢77 (q7279) d/},deﬂdeﬂqu

f¢5 q,T1; )(be (Q7x279)¢77 (Q’Zae)d/j/de:qud:uZ

/ /1 N [ (z1,22,2) ¢y (4, 2150) Do v (¢,72;0) Oy v (¢5230) dpy dpix, ,dpiz, da
S ben (@,21;0) 6oy (0, 22;0) b,y v (4, 20) dix,  dpix, iz,
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is bounded by the sum of

VN |A1| + VN |T1| + VN |Rs| + VN | Ms|
+VN [Na| + VN O3] + VN | P2 + VN |Q1 + Q3| + VN Q|

50 VNESDjg_g, <y | (6 [ 121 (0) = [ 1z, ] (0)) = (0% [, 2] (8) = 0™ [y tiz, ] (0))] = 0 (1)

as desired. =

E.4.1 Preliminaries for Proposition E.4.8

Lemma E.4.15 If C. = [%_|f/ (v)|dv, pxhrc (X)? and ¥ (X) are bounded, then
c d; 2
Est;p |Ris1 (0,0)| T (0) Typr (0) dv < VN W] 6351, Cedvpixchro (X)

and

5,
ilcaMXhLC (X)Q :

Esup / |(R; (60.0))T; (0) %, (0)) dv < 6 W] 6
0 ‘/7;4»1

Proof. We first show that
c 52 2
ESI;D |Rit1 (0,0)|T7 (0) Ty (0) dv < VN6 || W, 8i11 v, Cedvnxhie (X)”.
Note that

ESI;P/ |Rit1 (6,0)| T7 (0) Tiya (0) dv

< Bswp [ [Riet (0.0)/T (0)do

[
_ Esgp/‘\/ﬁ(ﬂxN — pix) (\If (X)[fe (v —h(X;0)) — f- (v — h(X; B (6;i +1)))] {th (X) > 2‘;}) dv
< B [0 U0 h (K500~ (0 = 105 B O D) {lac (35) > 51 bao

26;

VR [ (1900 0= B XG0) ~ £ (0= 100 B G4 D) {hne () > 5 ) ao

where the last inequality is a consequence of the triangle inequality. The second term is not greater than

o v
V9l b1 [ 17 @ dvpexchie () {ne () > 51 |
0:0;
< 2|l VN Cepxchie (X)?

(3
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and the first term is not greater than

B > (e (060> 51} [ 191700 0500 = (0= ROGB 03 D)
L.y Vi .
< Wl Bsup 20D {hre (6) > g R (5:0) ~ (X3 B @:i+1)
< ] Bsup 26 VN Cupax, [ (X){th (X) > ;H
<

0
4|0 85 VN Copn i (X7,
By an identical argument,

Bsup [ |7 0.0)T; )75, (0)] do

< ES‘;P/“/N(MXN ~ ix) (‘I’ (X)[f= (v = h(X;0)) = fe (v — h(X; B (6;0)))] {hLC (X) > 2‘;12}) dv
< OV B Cunxhic (X)°.
]

Lemma E.4.16 Let & (z) = 2%, and let N (§;41) be the ;11 covering number of © in the Fuclidean
metric. If Assumption E.2.9 is satisfied, then

Bsup [ 1R 0.0) = Riss (0.0)]T; (0) Toss (6)do
6

log (2N (851) (1+ 1262 |W[1%, px (hrc (X)) +18CH WL, s (e (X)°) £(6))
+2(|¥|| Ko

for some constant K. Hence, if N (8;+1) is finite, there is a K1 < oo such that

ESU;p/|RZ- (0,0) = Risr (0,0)| T (6) Topr (6) do < K16;1/1og (N (3,)).

Proof. To simplify notation, let A{ (X;0,0) = f- (v—h(X;B(0;i+1)))—f- (v —h(X;B(6;i))) and Al (X;0) =
h(X;B(0;i+1)) — h(X;B(6;i)). By the triangle inequality,

Esup / [(R: (0,0) — Ripr (0,0)| T3 (6) Toyn (6) o
0

< ES%D/’\/N((MX—MXN) (X)Al (X;0,v )‘{th ;gi}dv
< Es%p/’\/ﬁ((ux—uXN)\I/( Xﬁv)’{|AhX9 <Vi}dv
<

o U‘m((”“XN)‘I’(X)AZ(X;M))’{|A?(X;0)|S%}dv
_E/‘\/N((HX _MXN)\II(X)A{ (X§97U))‘ (A" (X;0)] < W}dv]

—|—SI;pE/ ‘\/N((NX — iy, ) W (X) AL (X;G,v))‘ {|A" (X;0)] < Vi}dv (E.4.57)
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We now bound the two terms individually.
The first term in equation (E.4.57) is bounded by using the bound on its moment generating function for a
fixed @ (derived in Lemma E.4.17) and the concentration inequality of Theorem 2 in Boucheron et al. (2003).

By Jensen’s inequality, note that for any A;,
exp </\i <Es%p/‘\/ﬁ((MX—MXN) (X) AL (X:0,0))| {|A% (X:0)| < Vi} do
B [ [VA ({1 - x,) ¥ (0 8] (X56,0)) | (|1 (X:0)] < Vi ao )
< Boxp (A (sup [ [VE (G — ) () A (:0,00) [ {1 CX:0)] < Vi)
8 [V ({1 =i, 0 008 05:0,00) {87 06:0)] < W o) ).

Note that B (0;7 + 1) takes on at most N (§;+1). Since the expectation of a maximum of finitely many nonneg-

ative random variables is less than the sum of their expectations, the expression above is no greater than

Z Fexp <)\i

0cIm B(0;i+1)

B [ [V ((nx - x,) ¥ (0 ] (X56,0)) | (|1 (X:0)] < Vi} o

) W (X) AL (X30,0)) {| A (X;0)] < Vi} dv

)

> mew (3 ([ VA ((x - s) w00 6] (Xsb0))| (1AL (X:6)] < Vi)

0cIm B(0;i+1)

B [ |V ((nx - x,) ¥ (0 8] (X56,0)) | (|1 (:0)| < w}m))
+ Y Eew ()\Z- </’x/N((uXuXN)\IJ(X)A{ (X;e,v))’{m? (X;0)| < Vi}dv

0cIm B(0;i+1)

IN

B [ |V ((nx - ix,) ¥ (0 8] (X56,0)) | (|1 (:0)| < w}m))

Lemma E.4.17 implies this is not greater than

1 A2
2N Gevr) ey (2 191 W12 (A1 (:0)° + 2 WIS NV2E (|t (o)) € (2v2) )
2112 \2 52 2\ |, 18 aicnd y4s20,2 6>\12 2
< 2N (dien) maxexp ( C2 W2 M07120x (hoc (X)7) + —CE WL X0 V2ux (hee (X)7) € (211,
(4SS n
It follows that
Esgp/‘\/ﬁ((ux ~ 1x,) U (X) A (X50,0)) | {|AF (X;0)] < Vi v

B [ [V ((1x = ) W00 A (X36,0)) | {|A% (X:0)| < Vi} o

log (2N (di+1))

6A7
< ROy & (2 i ity (hue (O + 2208 I A5 Vx (e (07) € (202 )
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Recall that V; = @ and choose \; = gz@v = 7ng(2;-vw which yields the upper bound
2 2 2 4 4 2
log (2N (3i21)) (1+ 122 W1, px (hae (X)7) +18C W& oy (hro (X)) €(6))

for the first term in equation (E.4.57).
We bound the second term in equation (E.4.57) using Lemma E.4.18. Note that

Sl;pE/‘\/N((:U’X — pixy) U (X) A (X;&v))\ {|al(X;0)| < Vi}dv
< Sgp/E\\/N((uX = x, ) W () AL (X36,0))| do

By Jensen’s inequality this is not greater than

Slelp/\/E (\/N((,ux —MXN)\IJ(X)A{ (X;H,U)))de

sup/\/uX\I!(X)Afc (X;0,v)°dv
0

< sup / Vit (e (0= h (X3 B (635 4+ 1)) — f- (v — h(X; B (6;1)))) dv
< UK sup s —6i]

0163(971)
< 2|l 6K

for some constant K € (0, 00). The second to last inequality follows from Lemma E.4.18, and the last inequality
follows from the definitions of B (6,4) and 6,. ®

Lemma E.4.17 For each 6 € O, and any A; > 0,
Bexp (0 ([ VA ((nx — mx,) ¥ 000 87 (20,0 [{]a1 (X30)] < Vi o
[ [VF (o = ) ¥ 00 (0 (X653 6:0) < 0} = (X33 65 1)) < o) (1AL (30)] < v} av) )
< o (N2 2l (xio? + St e e (8l o) e (D02

where Alf (X;0,v) = fo (v—h(X;B(0;i+1))) — f- (v—h(X;B(6;i))) and Al (X;0) = h(X;B(0;i+1)) —
h(X;B(6;1)).

Proof. Let (X(l),X(Q), ...,X(n)) be an independently drawn copy of (X1, Xs,...X,,), and let ,u?(’(j) be the
empirical measure induced by replacing X; by X(;). Let

Z=/‘\/N((ux —pixy) A (X;97v)>‘ {|A} (X;0)] < Vi}dv

and

29— [V (159 6 0.0)] 134 )] <

By Theorem 2 in Boucheron et al. (2003), for any 0 < 6 < 1¢|

A
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1

A0 by " 4\ 2
. _ < ? i _ 70
log Eexp (£A; (Z — E [Z])) W) log E exp ( 7 E L (Z A ) |p,XN] )

3

so it is enough to bound the moment generating function of F (Z (Z — Z(-j))2 ,uXN> to prove the lemma.

Note that =
VA (G = ) w () A1 (630.00) {2 (X0)] < Vi
—/ ‘\/ﬁ((ux — ) w(x) Af (X;H,v))‘ {|Aa" (X;0)] < Vi) dv
<

\;N‘/"P(Xj) (A{(Xj;a,v))’{,A?(Xj;mSVi}dv
+71N ‘/’W(X(j)) (& (X(j);a’v))‘ {[Al (X(5);0)] < Vi}dv
< ol [ 1 @) dvmin (1AF (G0)] V) + < 1 [ 17 @) ]AY (Xy50)]

Since (a + b)* < 3a2 + 3b2, it follows that

> (2-29) < Zc2 vl Y min (A% (6:0)[*,V2) + (A% (X(:6))°
=1 " =1
and this upper bound has conditional expectation given py  of

2 . 2

BC2 W12, sy (AL (X30))" + 3C2 W, s, min (AL (X;50)[*,V2)
2 . 2
< 6202, sy (AF (X;0)° +3C2 W, (nx,, — ux) min (|AL (X:0)*,V2)
Hence, the moment generating function of this conditional expectation is not greater than
2
exp (MC2 W2 6px (AL (X30))%)

xEexp (MC2 W23 (1, — ) min (A2 (X;0),V2)) .

Since px, is a sum of i.i.d. random variables,

Bexp (MC2 W23 (e, — pox) min (AL (X50))",V2))

? ,VQ) —[4x min (’Af (X;0)

K3

T 2 g2 SN[ by
— jl;[lEexp (CE (1%, " (mln(‘Ai (X;50)

1)),

To bound this note that )
exp(xz)=1+2x+ 53325 (x)

where & (z) = 26@(?# is strictly increasing. This implies that if V' is a mean zero random variable bounded

by a constant K,
1 1
Eexp(A\V) <1+ §A25 (AK)E (V?) < exp (2>\28 (AK)E (v2)> .
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Hence,

Eexp <C2 ||\IJ|| (mm (|Ah X—;0)|2,Vf>

7))
*ve) ) (o 2z )

exp< c? ||\I/|| ZVar <m1n (|Ah 3 0)
St s, Avze (A (x50 02\1123A
exp (SCHIWIL S5VEE (A% (X;:0)°) & (C2 w2, :

—[bx min (‘A? X'G) 2

A

IN

which implies that

> (z-29) mXND

Jj=1

FEexp ()\ZE

A
< o (N2 I by (81 06:0)%) + J2 1w, 2 v2m (al (000 (2 o, vz

By Theorem 2 of Boucheron et al. (2003), this implies for all v, > 0 and \; € (0, %)

log F exp (:l:)\i (/‘\/ﬁ((/@( —/LXN)A'Z (X;H,v))‘ {’A? (X:0)| < Vi}dv
—E/’\/]V((MX—MXN)A (x:0,0))] {|ak (x; ]<V}dv>)

A Zn ()

< 1— )\1'71 log ' exp ( = ( -z ) Hx )
>‘17'L 2 h . 2

< T ”—c 1912 6y (|2 (X30)[7)

m 9 b (AN, ) 2 3N o
_Zi T ot | 20} v2E (Al (X :

K2 K2

If we pick v, so that A\;y; = % we get the upper bound

1 22
22 W 12 (Al CX:0) + SN I V2B (jal (o) & (DEve)
n n
as desired. m

Lemma E.4.18 Suppose that
(i) for some const(mts C1, Cy > 0, we have that max {|f. (v)|,supgeg P (|h (z;0)| > v)} < Ciexp (—Cs |v|)
(ii) [ hre (X)*duy is finite
then there exists a constant such that

[ Vi o= 0 (X500) = £ (0= 0 (X302) ] < K [~ 6]
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Proof. It is enough to show that the following term

sup [ Viex (Va0 = nCxsonao < sup [~ ([ 120 =00 e @) dns ) o

[2<C]

is finite. By the Cauchy-Schwarz inequality,

/(/f v = h(@;0))* b ()dux) a
/(/fé (”_h(x59))4dﬂx/hic (x) dux>4dv
(/e d“XY/ (/* <v—h<w;6>>4dux)‘l‘dv.

The first term is bounded by assumption. The second term is finite if, for all # € O, the integrand

IN

[ = b)) duy < Kyexp(~Kalol)

for some constants K7 and K5. Note that

[ #0 = w0)* du
= [{in@on = 5} @by dux+ [{In@ o)< 3} (0~ hwi6) dux
Il e (~Co ]g\) + [ {0 < 3} 120 - hwo)* duy

oA eXP( 02 /Cl exp 402 ‘2‘) dpx
Ky exp (=K |v])

IN

IA

since || f.||., < Ci by our bound. m

Lemma E.4.19 If the Assumptions in Proposition E.4.8 are satisfied, then for any sequence of positive numbers

On and ry decreasing to 0, as N — oo,

N, v o(1=0n)
VNE  sup / / ‘/ z) fo (v—"h(z;00)) (duy, —dux)|dv— 0.
10—0olI<rn FRlvo(n)

29



Proof. We bound this term as follows:

N v o(1—=0nN)
sup / / ‘/ h (x:00)) (dHXN - dﬂx)
\e ol <rn (On)

NVB

dv

< WE(/OO )\/ 2) J- (v~ b (w:00)) (dpxy — dpix) | dv

VB s [{Fiba () 2 V) (b =6 <] [ ] 0600 (0= o0 (i = i)
< (/ /)(/ 72 (0 — ($§90))dﬂx>%dv

g {Fah @n) 2 Vi }+ {Fily (1 - on) < V2| % / Z ( / W (2)” 2 <v—h<w;eo>>dux)édv
< . (/Z—/VV> (/7 <v—h<x;eo>>dux)édv

/O:o </f€2 (Uh(m;ao))d/i)()%dv

We now show that £ supg_g,|j<ry [{Fﬁ,lv;o (on) >Ny H converges to zero. Note that for any € > 0

N RPN PUSEL B (IS

10—0ol|<rn

E sup {FJQIV,H (6) > Vl}
16—60]|<rn n

< {Fh @) 2Vi-2}+E L {|Frs @) - Fibu @) = ¢} + LS {|Fvi, ) - Frh6)| = ¢}

We first bound these terms for a fixed 0. The first term equals 0 for 6 < Fy.g, (V1 — 2¢). By definition,

5=y (F (F;}e () — h (z; 9))) = ux, (F (FJ;}V;Q () — h (z; 9)))
= px (P (Fyp (0) = h(:0)) ) = px (P (Fioho 0) = h(@:0))) = (nxy = 1x) (P (PR (0) = h(:0)))

Note that v/ NE sup, (1xy — tix) (FE (Fﬁ,lv;e () — h(m;@))) < \/NEsupgvv (xy — x) (Fe (v—"h(z;0))) <
oo. Thus, Esup, ‘,uX (FE <F;;19 (5) - h(:c@))) — iy (F (Fjglv;19 (0) —h (x,@)))‘ =0 (l/ﬁ) Lemma
D.2.12 implies that £y (F. (v — = [ fe (v—"h(z;0))duy is bounded away from 0 over all § and
V;lg (0) — FJG,lv;e (5)’ — 0. Finally, for any 6 > 0

all v in a compact intervals. Therefore, we have that Fsupy
and g € (0,1 —9)
J Vol (X; 9)fs( L (g )fh(X;G)) dpy

J £ (Fid (@) = h(X:6)) dpuy

is bounded over all § € © since Voh (X;0) < hpe (X) and [ hre (X)*duy < ooand [ f- (F;;é (¢) — h(X; 0)) di

is bounded away from zero. Hence, for ry sufficiently small, the third term is

VGFV@()

o {[F, 0= Py 0] 2 of =0
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Therefore, there exists a sequence of oN decreasing to 0, such that

sup
56(51\7,1—81\])

o, s, (70 -] 2+ (@] ] <o

Since {F‘Zbo (SN) >V — 26} — 0, we have that

E  sup {Fﬁ,lv;e (On) > Vl} <FE sup {F&lv;e (max (51\;,51\;)) > Vl} — 0.

[10—00]|<rn l0—6oll<rn

Similar arguments show that Esupjg_g, <,y {Fﬁ,lv;e (1-0n) < Vg} — 0. It follows that there exist a sequence
of Vi,yv — —o0, Vo ny — oo such that

[N

s [{Fbe 602 i)+ {0 -0 <1an}]| o
16—6ol|<rn
Therefore,
o0 Fylyo(1=6n)
VNE  sup / —/ ‘/ z) fo (v—"h(z;00)) (dux, —dux)|dv — 0.
[16—00]<rn —o0 FN Vi (ON)
|

E.5 Primitives for Assumption 6(ii) c.

Proposition E.5.9 If Assumption E.2.9 is satisfied,then, for any sequence of positive numbers by decreasing
to 0, and for any § > 0,

sup | Vigy.an¥’ (0) = Viay.ant’ (00)| =0, (1).
1080 <bx

Proof. For a fixed 6 > 0, consider the Gaussian process V(GX,GZ)W; (#), indexed by ©. The expression for this

term (given in Appendix D.2) is a sum and product of finitely many terms of the form

/1_5 J W (21,29, 2) ¢ (q,71,01) O (¢, 72,01) ¢,y (¢, 2,01) dG x, dpix, dpiy dq

5 [ b:(q:21,01) b (¢, 2,01) by, (4, 2,01) dpx, dpx,dpy ’

i 1—5qu o, JY (21,22, 2) f! (Fvlel (9) —h(wl;el)) ¢ (g, 72;01) 9, (Qaz§91)dﬂX1d/~‘X2dﬂqu
5 J b: (g, 21;01) b (g, 25 01) by, (q, 25 01) dpx, dpx,dpiz

and analogous terms with Gz and G%, instead of Gx, and GY,. We will show that for any sequence of positive
g i . a

numbers by decreasing to 0,

sup | Vigx 68" (0) = Viax.ant’ (60)] = 0 (1)
16—00lI<bn

by individually analyzing these terms.
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First consider the Gaussian process G (0) indexed by ©, given by

G(Q) _ /1—5 f\II (.’El,.’IJQ,Z) ¢g (q7x1791)¢5 (q7x2791)¢n (QVZael)dGde/’[’deuqu
8

f¢)5 (qvxh 91) d)e (Qa Z2, 91) ¢77 (Q7 2, 91) dlLLde’LLXle/LZ

We show that for any sequence of positive numbers by decreasing to 0, we have that

sup ‘G(Q) — G (00)] =0, (1).
[[6—60]|<bn

To do so, it is enough to show that G has almost surely uniformly continuous sample paths in §. By Dud-
ley’s Theorem (e.g. Theorem 2.6.1 of Dudley (2014)), G (f) has almost surely uniformly continuous sam-
ple paths if fooo \/1og N (€)de is finite, where Ng (e) is the € — Lo covering number for G. Note that if

Ne (e) < Coe? for some constant Cy and natural number d, this integral is finite. A sufficient condition is
1
- ~ 2\ 2
that (E (G (0,) -G (92)) ) < K ||01 — 62| since © is finite dimensional.
Hence, we must bound
1
15 [ W(@1,22,2)0: (001,012 (0,02,01)6, (02,00 dixy diig 3o 7z
B 4 J ¢:(0,21,01)9.(q,22,01)9, (¢,2,01)dpx, diux,diz 945,

1-§ f\I’(w17w272)¢€(q7w1792)¢>€(qﬂcz,@z)%(q7z,92)dux2duzd G
T 02 (@,01,02)9 (0,02,02)6, (@:2.02) A, dpixydp, AT Xa

5
1-§ f‘1’(X1@272)(255((17)(1,91)%(q,932,91)¢n(q>Z,91)dux2ded 2
~ Var 5 T 6-(0,21,00). (0.02,01)6, (0,2,0 )dpig, dpiydpiy 4

1-6 [ U (X1,22,2)¢(0,X1,02) 9. (0,%2,02)$,, (¢,2,02)dpix, dpy dq
( 2)
[ (X1,22,2)0.(0,X1,02) 6. (0,22,01)8, (¢,2,01)dpix, dpi 7 ) 2
) 2

6 J ¢c(a,21,02)9.(¢,22,02) 0, (q,2,02)dpx, dux,dpy
1
+| B (/ J ¢:(a,21,02)9.(q,22,01)9, (¢,2,01)dux, dix,diy
0

[N~}
ol

1-6 J Y (X1,22,2)¢.(4,X1,01)9.(4,22,01) b, (q,2,61)
/5 T ¢ (0,201,016 (4:22,01) 8, (02,01 )dpux, dpix, dpi dadpx, dpi

IN

b O (X1,22,2) 8. (0, X1,02) 6 (0,72,02) 0, (0,2,02)dpx, i

! J ¢ (a,21,02)¢(¢,22,02) ¢, (q,2,02)dpx  dux,dpy

Nl

J U (X1,22,2)$. (4, X1,601) 9. (4,22,01) 9, (q,2,601)
J b (q,21,01)b.(q,x2,01) b, (4,2,01)dpx dux, dpy
V(K w2206 (0.X0.02) 6 (0,02.00) 6, (1200 dpixydiiy | D4HHX, iy

J ¢:(a,21,02)0.(q,22,01)b,(a,2,01)dpx, dpux, dpz

1

IN

E

0

S

JW(X1,02,2)0 (2.X1.02)6. (0,02,02) 6 (012,01 )iy dpiy | DO Wz
S ¢(a,21,02)¢.(¢,22,02)¢, (q,2,01)dpx dux,dpy

[N

1 J U (X1,22,2)9.(¢,X1,02) ¢, (0,22,02) ¢, (,2,01)dux, dp g
/ T ¢ (0,21,02) . (4,72,02) 8, (02,01 ) dpix, dpix, dpiy

+|E S U(X1,22,2)6. (0,X1,02)6.(6,22.02)8, (42,02 dp .y day, | G9FHx, btz

J ¢:(¢,21,02)9.(q,22,02)0, (¢,2,02)dux, dux,diy

0
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By a change of variables, v = F‘;}gl (q), the first of these 3 terms equals

[ o (q7$2792)¢n (q,2,6h) dpx,dpy

1

< vl (E (/_Zufa(v—mxl;ol))—fg<v—h<xl;e2>>>|dv)2>2
= 1l (B0 - hCi07) [ 1l
< 100l ([ nac (X)Zdux)% el [ 15l < K0~ 0]

for a finite constant K. The next two terms are handled similarly. Hence, G (0) has almost surely uniformly
continuous sample paths.

By a similar argument, a bound on

1-6 Qi (9 S ¥ (z1,m2,2) fL (F;;lel(q)fh(xl;el))¢E(q,m2;01)¢n(q}z;gl)duxldux2dﬂzd 27 3
E s v (1) J 9:(0,21301) 9. (¢,22;01) 9, (q,2301)dp . dpx, dpy q
1-6 a7 (9 SV (x1,22,2) fL (F;}ez (q)—h(l'l;az))(bs(q,w2;92)¢n(q7z;02)duxldHX2d“Zd
—Js v (f2) J ¢-(q,21302) ¢, (q,22502) ¢, (q,2302)dux, dix, ding 4
implies that
1-6 Gq (0 ) f v (xlv T2, Z) fé (F\Zlﬂl (q) —h (1'1, 91)) ¢E (qv T2; 91) (br] (q7 23 61) dﬂdeMXQdMZd
1 q
5 v f¢s (q,21;01) ¢, (q,$2;91)¢n (q7z;01)dMX1dI‘LX2d/‘LZ

63

E </OO f‘I’(Xl,!EzaZ) (fe(v—="n(X1;01)) = fo (v — h(X1§02)))¢)5 2 952,92)% (Qazaal)dﬂxzdﬂzdv>21 ’
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has almost surely uniformly continuous sample paths. Note that

1
Cor B g 1
j'175 a (0r) [ ¥(ey,20,2)fL (Fv;lgl(Q)*h(zl;‘h))¢>5(q,r2;91)¢n(q,2;91)duxlduxg dp g 2
E 3 v 7L J be(a:21301)0e(a:22:01)dy(a,2:01)dpx, dnx,dig
s )f\lf(zl,mz,z)f;(F;}ez<q)—h(w1;92>)¢5<q,m2;92)¢n<q,z;92>dux1duXQduzd
L L s v vz T 6e(a.21:02)be (0,22:02)6y(4,2:02)dp x| dux, diz q
[T J Wy en 1L (Pl @—h(@1:01) ) oe (0.02:01) 6 (02300 dix ) duax, duz
—s 1 ) 1 =\vioy < n 1 2
Is —1 Iéx (1 {h(x’el) tes< FV;91 (q)}) dFe Jde(a,x1301)de(a,22501) by (q,2:01)dux, dux,dug da
5 fvieq (Fvie, (@ roae
a f‘I’(ILzz-,Z)f’(F_.l (Q)*h(rusz))cb (a,22:02) Py (a,2:02)dpx, dux, duy
q_s 1 . 1 =\ Fvio, < n 1 2
_ 1 _rax (1{n(ze <F dF, d
! s viog (F‘;;IQQ(Q)> J&x ( { (w:02) += < Py, (q)}) € Jée(a,01302)be (0,22:02) ¢y (a,2:02)dnx, dux,diz 4
- 24 %
Lo — A ex (1{r@on+e <Py (@})dF. - L JGx (1{n(@i02) +¢ < Fyly (@})dFe | x
< |E Ivioq (FV991((1)) v (FV992((1))
[ (xy,wn,2) fL (F‘;;lgl(@*h(ﬁ:el) Pe(a,@2;01)bn(a,2:01)dux, dux,dug p
L L T 6c(a.21301)0c (0,22:01) 8, (4,2:01)dix | dix,dr 7 a
1
_ _ o 1l
57— Jx (1{r(@i02) +c < Fy, (@)}) dFex 2
fviog (Fv:ez(‘”)
+|e f‘I’(Il,1212)fé(F‘ZIQZ(Q)*h(21;92))¢5(q,w2;92)¢>7,(q72;92)duxlduxz,duz
J be(a:21302)0e(a:22:02) by (a,2:02)dpx, dux,diy dg
¥ (ey,@g,2)fL (F;;lgl(q)*h(ml§91))¢5(4132;91)¢n(q,z;91)duxldquduZ
- [ de(a:21;01)be(a:22:01)dy(a,2:01)dux, dux,duy
293
P — 1 {h(X;Hl) +e< F;;lel (q)} dF - ——1——— [1 {h(X;Gz) +e< F‘;}g2 (q)} dF. | x
_ s 1vio, (Fily, @) vi0, (Fuly @) ;
¥ (z1,20,2) fL FoL (@) —h(21:01) ) be(a,22:01) by (a,2:01)dux, dux, dug
V6 1 1 2 d
T e (q:01:01)92(4,22:01) ¢y (4,20 1)dix, A Xy dliz 1
1
- _ ol
3T A [1{n(X;02) + e < F} (@)} dFex E
fviey (Fv;QQ(‘I))
s P wran. 7L (B, (0= h(@1:02) ) oc (0:02:02) 6 (a.2:02)dn xy diax, diz
Jbe(a,21302)bc(a,22:02) by (a,2:02)dux, dux,duy dq
¥ (21,20,2) L (F‘Zlgl (Q)—h(z1;91)) $e(a,x2:01)dy(a,2:01)dnx, dux,dug
B Jbe(a,01;01)be(0,w2:01) ¢y (a,2:01)dnx dux,diz
= Ty +T;

where the last equality follows from the definition of G x’s covariance kernel. To bound 77, note that for any
d>0and all g € (6,1 —9), we have that

O (21,29, 2) f! ( v, (@) — h($1;91)) b (¢, 2:01) ¢y, (q, 23 01) dux, dpx,dpy

<M <
f ¢s ((Lxl; 01) ¢s (q7x2; 91) ¢7] (Qa zZ5 01) d:u’de:u’XQdiuZ

since infg e (5,1-5) | B (¢ 215 01) b (¢, 223 601) b, (q, 25 61) dpx, dpx,dpz > 0 (Lemma D.2.12) and the numerator
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is uniformly bounded. Hence, the T} no greater than

[N

_ _ o
e /15 mfl{ X 01 +€ < F‘;Gl (q)}dFE ;
! q
5 mfl{ XQQ +E<F‘;9 (q)}dFE
roo- L2173
] A J{n(Xi0) +e < Fyh (@) VdE
< e[ g e e s |
5 —mfl{ X92 +8<FV9 (q)}dF

fvel vsl(q)>f1{ X62 +€<F\;92(q)}dFe

o E{/ - 1{h(X;0 < F7l dF
' fvez(V92(q)>f { (X502) +e < V;oz(Q)} .

dq

|—

212
< M|E /51 5 o (5 (q)) (7 (Fvh, (@) = n(X500) = P (Fib, (a) + A (X362))) dq]
<l
— Ri+R,
ot that J 1 (Bl (@) = h(w30) ) Voh (33 60) dux

VeFV 0 (0) = fve (F;i) (Q)>

and infyg e (s5,1-5) fv0 (F;%) (q)) > 0 (Lemma D.2.12). Hence, R; is no greater than

M L X
infy 4e5,1-6) fvio (F‘;;la (Q))
1= J - (Fb (@ = b (@30)) Voh (2:0) dpu
CAVANTAN =
o fvie (FV~0 (q))

0,1 —0
< p— Vel 0ol . Ifelee /th (2) dyix
infy 4e(s,1-6) fvio (Fv;e (@) infy ge(5,1-6) frio (FV;0 (Q)>

< K1M||01 —92”

27 %

01 — 02 dQI

+ (/ hic (z)? dMX) é)

- V@h(X;H)

[N

. 1 2 .
since - Fr@) | fll ., and (f hre (z) d/LX) are finite.

infg ge(s5,1—5) fvio(F)
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. 1 P
Similarly, to bound Rs, note that Vy (fV;Q(Fv;lg(Q))> is given by

J (VoFyh (@) = Voh (2:0)) f2 (F-} (a) = h(2:60)) dux

(sva (i @)

1 2/ ffe( v (9) (9379)) oh (z;0) dpx

~ Voh (@30) | £ (Fib (@) = h(2:0)) dux.

_ -1
(fv;e (Fv;lg (Q))) fvie (Fv;e (CI))
Hence, supg 4¢(s,1-6) |Veo (M) is at most
2
1 1
/2]l oo

ylse 41 [ s @)l duy < Kz < o

infg ge(s,1-8) fi0 (F‘;;le (Q)) infy ge(5,1-8) S0 (F\;;e (g

for each ¢ € (6,1 — §). Therefore, the R5 is at most M K5 ||#; — 62]|. Similarly, since

——— |1 { (X;0,) +e < FjL
Fvioy (Fv s q)) f 2 V02 (
is bounded, a uniform bound on the derivative of

SV (z1, 22, )fg( Fip, (9) — h(:c1;91)) ¢ (q,72;61) ¢, (q,2;01) dpx dpx,dpy
f(be an1,01>¢€ <q7x2;91)¢7] (q7z791)d:u’X1duX2d/’LZ

with respect to 67 implies that To < K3 ||#1 — 02| for some constant K3. This follows from identical arguments
as the ones above.

Hence,

J (@@, 2) L (Pl (@)—h(215601)) 6. (a,:22:01)8, (a,2301)dix, diux, dpiz
J ¢ (0.01:01)$.(a,22301) 9, (4,2:01)dpx, dux,duz
J¥(@1wa2) fL(Fly, (9)—h(ans 92>)¢5<q 22302)@, (9,2:02)dpix dpix, iz
J ¢c(a,21:02)¢.(¢,22:02) ¢, (4,2:02)dpx, dux,dpy

=5
Gy (6h)

dq
<Ti+T5 < K |01 — 6s|

~°GY(6) dq

for some constant K € (0, 00).

The proof for the remaining terms in V(Gx7Gz)w6 (0) is analogous. Therefore,

Nl

2 -
(E (V<GX,GZ)¢6 (61) — Viex,ant’ (92)) ) < K |01 — 0]

for some constant K, implying that the e— L? covering numbers are bounded above by a polynomial in 1

€’

completing the proof. m

E.6 Primitives for Assumption 6(ii) d.

Proposition E.6.10 If |¥]_ < oo,

and h (X;00) have finite second moments, then

2
all . < 00, Fyp, and Fy.g, have full support on R, and and g (Z;6y)

Ve [ 1] (00) = Vot v, 112] (60)
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converges in probability to 0 as § — 0.

Proof. The expression for Véw5 [tx, 1] is given in equation (D.2.49). We show convergence of each of the

terms in Limg.s (0p) as § — 0. First, we show that

</ /1 6) J Y (21,22, 2) ¢ (¢, 71;00) 0. (¢, 2; 60) 9, (q,Z;eo)deldlj,de/J,qu

f ¢z—: q,21; 90) ¢E (q7 T2 00) ¢n (q7 Z; 90) dlLLde:u’de:uZ

converges weakly as § — 0.

This term has mean zero and variance not greater than

/l( / / 6) S (X1, 22,2) 6. (4, X1500) 6. (4, 22:00) &, (q, 2:00) dpy,dpiy

f(b q7$1,90) (be (q,.’L’Q,QO) ¢7] (quveo) dlu’de:uXQd:u’Z

- 2
172 / /1_/1‘5 J 0c (g, X1;00) ¢ (. 22;00) ¢, (4,25 00) dix, dpg da| du
> 0 § f¢s (Q7x1;00) ¢5 (Q7$2;90) (Z)w] (q,Z,GO) d:u’de:qud:U’Z X

2
) 1-6 fe V@O() (X1,00))
i J[([ ) ) ]

V90

ol | </ LV6°(15>fs<vh(Xl;ao»dvrdqu.

V0o (

dQ1 dpx,

IN

where the last equality follows from a change of variables, v = F‘; 9, (@). Since 25 fe(v=h(X1;00))dv =1
for all X1, and F\;;leo (6) = —oo0 and F\;;lao (1 —=6) — o0 as 6 — 0, the bound above converges to 0 as § — 0 by

the dominated convergence theorem. This proves that the term

dq

/ /1 J I\I’ T1,T2,2 ¢e (Q7$1700) ¢8 (Q7x2790) ¢7] (Qaz 90) dGdeu‘Xle’[’Z
f ¢5 q,T1; 00) (be (q7 €23 00) ¢7] ((L Z3 90) d:qud:uXQdiuZ

converges to 0 in probability as § — 0.
Next, recall that

P /GZ 10)+n < Fry(a)}) dF, = G (6).

Consider the terms that include GY; (6p) in the expression for V(GX’GZ)WS [ex, k7] (Bo). The sum of these are
given by

1-5 & (6 ¥ (21,29, 2) ¢ (q,71;00) Pe (¢, 2;00) £ (FJ;}, (@) —g(z 90)) dpiy, dpx, dpiy
) v \Yo f¢£ (qal'l;eO) ¢5 (q;$2§90) ¢”7 (q,Z;Go) dqudlj‘deMZ
- /1—5 SV (21,22, 2) ¢ (¢, 71;00) P (¢, 72;00) b, (¢, 23 00) dpx, dpx, dpiy y
) f o (Q7 A 90) R (q, T 00) ¢77 (q7 z; 90) d:qudMXQd/JZ
J b (a,21;600) 6. (g, x2;60) fr (F,};}, (@) —9(z 90)) A, dpi, dpiy

f ¢5 (q7 T1; 90) (be (Qa T2; 00) ¢n (Q7 z5 90) dlu’de:qud:uZ

dq

dq.

G (0)
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Note that this term is equal to
1-6 9 -
/ Gl (0) 5—v,dg
s
1-6
1 _ 0 -~
— | e ({oo s B @) apy g bda
5 fuw (FU,e (Q)> S
Therefore,

V(GX,GZ)W; A (90) —Viex.an? lx, 1z) (o)

= (/ /1 6) f /GZ (z; 0)+17<FU9( )}) dF”aiquz’qdq
U9
(/ /Fueo(l 5>/Gz (1{g (2:0) +n < u}) dF, 8‘337;

has mean zero and variance not greater than

| OO/K/ /F(;é)) ([ ato@o0 +u<apar,—E [0o(@o0) +n<)ar, )
vad] / K/ /F(J) 6)> <u—g<z;oo>>—EFn(u—g(z;eo))]durduz.

By the Efron-Stein inequality, let Z() have the same distribution as Z, and note that

du

g3=Fu.o(u)

2

dpiy

/[/ [Fy (w—g(Z;60)) — EFH(U—Q(Z;Go))]durduZ

// /Oo 9(Z:60)) — ( u—g (Z“);@o)ﬂ durduzduzm

(29:00) 2
/ f(u—g) dg] du] dpiz iz
g

I

9(29:00) 2
-5/ / / fo (= )dudg] iz dpze)
(Z300)
= 5// -g (Z;e()) —‘C](ZZ ;00)} d,uZd/LZ(i)

= Var(g(Z;0p)) < o0

IN

where the second-last equality follows from the fact that f_oooo fn(u—g)du = 1. Since F‘;j,o (6) —» —oo and
F‘;;leo(l—é)ﬂooaséﬁ(),

/{/OO [Fy (u—g(Z;00)) — EFy (u—g(Z;00))] du zduz

converges to 0 as § — 0 by the dominated convergence theorem.

The other terms in the expression for Limg.s (6p) converge to 0 in probability by analogous arguments. m
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F Parametric Bootstrap

Let {zj}‘j]:1 be a sample of firm characteristics and {xl}f\il denote a sample of worker characteristics. The
parametric bootstrap for the estimate o = arg mingce QN (0) is constructed by the following procedure for
b=1{1,...,500}

1. Sample J firms with replacement from the empirical sample {z; }3‘]:1' Denote this sample with {zj’}j: L

2. Draw N° workers with replacement from the empirical sample {xi}il, where Nt = ch and clj? is

capacity of the j-th sampled firm in the bootstrap sample.
3. Simulate the unobservables €% and 7?.
4. Compute the quantities v? and ug at 6 from equations (17) and (18).
5. Compute a pairwise stable match for the bootstrap sample.

6. Compute 0, = arg mingcg QA}]’V (0) using the bootstrap pairwise stable match and an independent set of

simulations for QY% (6).
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