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Abstract

Tolerance intervals are widely used in industrial applications. So far attention
has been mainly focused on the construction of tolerance intervals for continuous
distributions. In this paper we introduce a unified analytical approach to the con-
struction of tolerance intervals for distributions, both discrete and continuous, in
exponential families with quadratic variance functions. These tolerance intervals are
shown to have desirable probability matching properties and outperform existing

tolerance intervals in the literature.
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1 Introduction

Statistical tolerance intervals are important in many industrial applications ranging from
engineering to pharmaceutical industry. See, for example, Hahn and Chandra (1981),
Hahn and Meeker (1991), Katori et al. (1995) and Hauck et al. (2005). The goal of a
tolerance interval is to contain at least a specified proportion of the population, 3, with a
specified degree of confidence, 1 — a. More specifically, let X be a random variable with
cumulative distribution function F. An interval (L(X),U(X)) is said to be a [-content,
(1 — a)-confidence tolerance interval for F' (called a (3,1 — «) tolerance interval for short)
if

PF(U(X)) = FIL(X)) = 8} =1 - a. 1
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One-sided tolerance bounds can be defined analogously. A bound L(X) is said to be a
(8,1 — «) lower tolerance bound if P{1 — F(L(X)) > f} =1 — a and a bound U(X) is
said to be a (3,1 — a) upper tolerance bound if P{F(U(X)) >} =1—a.

Ever since the pioneering work of Wilks (1941 and 1942), construction of tolerance
intervals for continuous distributions has been extensively studied. See, for example, Wald
and Wolfowitz (1946), Easterling and Weeks (1970), Odeh and Owen (1980), Kocherlakota
and Balakrishnan (1986), Vangel (1992), Mukerjee and Reid (2001) and Krishnamoorthy
and Mathew (2004). Comparing to the continuous distributions, literature on tolerance
intervals for discrete distributions is sparse. This is mainly due to the difficulty in deriving
explicit expression for the tolerance intervals in the discrete case. Zacks (1970) proposed
a criterion to select tolerance limits for monotone likelihood ratio families of discrete
distributions. The most widely used tolerance intervals to date for Poisson and Binomial
distributions were proposed by Hahn and Chandra (1981). The intervals are constructed
by a two-step procedure. See Hahn and Meeker (1991) for a survey of these intervals.

Although the tolerance intervals are useful and important, the properties of the tol-
erance intervals such as their coverage probability have not been studied as in-depth as
those of confidence intervals. As we shall see in Section 2 the tolerance intervals given in
Hahn and Chandra (1981) tend to be very conservative in terms of their coverage prob-
ability. Techniques for the construction of tolerance intervals in the literature often vary
from distribution to distribution.

In the present paper, we introduce a unified analytical approach using the Edgeworth
expansions for the construction of tolerance intervals for both the continuous and discrete
distributions in exponential families with quadratic variance functions. The Edgeworth
expansions provide an accurate and useful tool in analyzing the coverage properties, and
reveal uniform structure across all the distributions, both discrete and continuous, under
consideration. We show that these tolerance intervals enjoy desirable probability match-
ing properties and outperform existing tolerance intervals in the literature. The most
satisfactory aspects of our results are the constancy of the phenomena and uniformity in
the final resolutions of these problems.

Edgeworth expansions are a powerful tool for studying complicated probabilistic quan-
tities. For example it is a major technical tool for understanding the properties of resam-
pling methods such as the bootstrap and jackknife. See, for example, Barndorff-Nielsen
and Cox (1989) and Hall (1992). Edgeworth expansions have also been used very success-
fully for the construction of confidence intervals in discrete distributions. See Hall (1982),
Brown, Cai and DasGupta (2002 and 2003), and Cai (2005).



We begin in Section 2 by briefly reviewing the existing tolerance intervals for Bino-
mial and Poisson distributions and showing that these tolerance intervals have serious
deficiency in terms of the coverage probability. The serious deficiency of these intervals
calls for better alternatives. We shall consider in this paper tolerance intervals of a par-
ticular form whose motivation is given in Section 2.1. After Section 3.1 in which basic
notations and definitions of natural exponential family are summarized, we introduce the
first-order and second-order probability matching tolerance intervals in Section 3. As in
the case of confidence intervals, the coverage probability of the tolerance intervals for the
lattice distributions such as Binomial and Poisson distributions contains two components:
oscillation and systematic bias. The oscillation in the coverage probability, which is due
to the lattice structure of the distributions, is unavoidable for any non-randomized pro-
cedures. The systematic bias, which is large for many existing tolerance intervals, can be
nearly eliminated. We show that our new tolerance intervals have better coverage prop-
erties in the sense that they have nearly vanishing systematic bias in all the distributions
under consideration.

In Section 4, two-sided tolerance intervals are constructed by using one-sided upper
and lower probability matching tolerance bounds. In addition to the coverage properties,
parsimony in expected length of the two-sided intervals is also discussed. Section 5 is an
appendix containing detailed technical derivations of the tolerance intervals. The deriva-

tions are based on the two term Edgeworth expansions and Cornish-Fisher expansions.

2 'Tolerance Intervals: Existing Methods

As mentioned in the introduction, we shall construct tolerance intervals for both contin-
uous and discrete distributions in the exponential families. However, the emphasis of our
discussion is on the discrete distributions. In this section we review the existing tolerance
intervals for two important discrete distributions, the Binomial distribution and Poisson
distribution. These tolerance intervals will be used for comparison with the new intervals
constructed in the present paper.

The most widely used method for constructing tolerance intervals for the Binomial
and Poisson distributions was proposed by Hahn and Chandra (1981). Suppose x is
the observed value of a random variable X having a Binomial distribution B(n,#f) or a
Poisson distribution Poi(f) and one wishes to construct a tolerance interval based on
x. The method introduced by Hahn and Chandra (1981) for constructing a (8,1 — «)

tolerance interval (L(x),U(x)) has two steps.



(). Construct a two-sided (1 — «)-level confidence interval (I,u) for 6, where [ and u

depends on .

(ii). Find the minimum number U(z) and the maximum number L(x) such that

pu(X <U(z)) 2 (1+6)/2 and p(X > L(z)) = (14 5)/2.

Similarly, a lower (5,1 — «) tolerance bound L(z) can be constructed by finding a
lower (1 — «) confidence bound of ¢, say [, and then deriving the maximum value L(z)
such that p(X > L(z)) > .

For this two-step procedure, it is clear that the choice of the confidence interval used
in Step 1 is important to the performance of the resulting tolerance interval. For any
0 <7y <1,let z, =P (1 —+) be the upper v quantile of a standard normal distribution.
Hahn and Meeker (1991) suggested the following (1 — «) level confidence intervals for the

Binomial case,

~ ~

. 0(1—0)
(L,u) = 0+ ZQ/Q(T)W (2)
and
(n — 2+ 1) Fla/2n—201220)\ 1 n—« 1)
l7 u) = 1 + ’ : I 1 + ’ 3
(L, u) (( T )7 (x + 1)F(a/2;2x+2,2n—2$)) ¥

where Fy,, ) denotes the upper a quantile of the F' distribution with r and ro degrees
of freedom. For the Poisson distribution, the suggested (1 — «) confidence intervals in
Hahn and Meeker (1991) are

~

- 0
(1) = 6 znl(-)7 (4)
and
(la U) = (0'5X?04/2;2x)/n7 0'5X%l—a/2;2z+2)/n) ’ (5)

where X%am) is a quantile of the chi-square distribution with r; degrees of freedom. The
confidence bounds for one-sided tolerance intervals in both Binomial and Poisson distri-
butions are given analogously.

Figures 1 presents the coverage probabilities of both the two-sided and one-sided
tolerance intervals for the Binomial and Poisson distributions. It can be seen easily
from the plots that these tolerance intervals are too conservative with higher coverage
probability than the nominal level for both distributions.
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Figure 1: Coverage probabilities of the 90%-content, 95% level two-sided (top two rows) and

one-sided (bottom two rows) tolerance intervals for the Binomial and Poisson distributions with

n = 50.
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As in the case of confidence intervals, the coverage probability of the tolerance intervals
contains two components: oscillation and systematic bias. The oscillation in the coverage
probability, which is due to the lattice structure of the Binomial and Poisson distributions,
is unavoidable for any non-randomized procedures. However, the systematic bias for the
existing tolerance intervals are significantly larger than we expected. In Section 3 we shall
introduce new tolerance intervals using the Edgeworth expansion. These new tolerance
intervals have better coverage properties in the sense that they have nearly vanishing
systematic bias. Figure 4 presents the coverage probabilities of the proposed two-sided
tolerance intervals for the Binomial and Poisson distributions. Compared with Figure
1, the new tolerance intervals certainly have much better performance than the existing
intervals in the sense that the actual coverage probability is much closer to the nominal

level. The detailed derivation of our tolerance intervals is given in the next two sections.

2.1 Motivation from Normal Tolerance Interval

We shall consider in Section 3 tolerance intervals of a particular form. The motivation
of considering tolerance intervals of this form comes from normal tolerance intervals. Let
X1, ..., X,, be a sample from a normal distribution N (u,0?). Wald and Wolfowitz (1946)

introduced the f-content, (1 — a)-confidence tolerance interval

n_
+4/ ts], 6
Xn 1, Xn 1, ()

where X and s are sample mean and sample standard deviation, respectively, Xi—m is

the a—quantile of the chi-squared distribution with n — 1 degrees of freedom and ¢ is the

1
w1 o2
e z2dx = 0.
/1t V2T p

n
To make a better analogy between the NEF-QVF families and normal cases, we first

solution of the equation

attempt to rewrite the tolerance interval in (6) in terms of X = 37" | X; under N(npu, no?).
Note that (6) implies

n—1 _ n—1

2 2
anl,a anl,oz

1—a~ P(®,,(X+ rs) > f3)

where @, , denotes the cdf of the N(u,0?) distribution. We would like to re-express the
above quantities in terms of ®,, sy, the cdf of N(nu,no®). Let Z denote a standard



normal random variable. Then

- -1 - —1
D, (X = n2 rs) = PlcZ<X—p+ n2 rs|X)
anl,a anl,a

_ 1
= P(np+vnoZ < np+ V(X — p) £, |—s——ry/ns|X)

n—1,«a

n—1

Do (ng1 -+ V(X — 1) £ rv/ns). (7)

n—1,«x

If o were known, then we could replace the tolerance interval in (6) by

e+ V(K = ) = [V VR =) [ 8)

under the N(nu,no?) distribution. Of course p is unknown in practice and we need to

replace p in (8) by a function of X. A simple approach is to replace p in the lower
and upper limits by, respectively, the lower and upper limits of a (#-confidence confidence

interval for u,
s

S _
X — 2 mme X — 21 jg—e].
(X — 2(1-p),2 N 2(1-p)/2 \/ﬁ]

This leads the following tolerance interval

n—1 1 n—1 1
X — (|2 (1= =)z X B (1= =)z
[ ( X%_Lar + ( \/H)Z(l 5)/2)\/557 + ( X?L—Lar + ( \/ﬁ)z(l 5)/2)\/55]

under the N(nu,no?) distribution.
For the NEF-QVF families, by the Central Limit Theorem, and adopting the method
in the normal case by identifying dy+d; X/n+d,X?/(n?) as s?, an approximate 3-content,

(1 — «)-confidence tolerance lower bound and upper bound are

n—1
X —( " r+ (vVn — 1)2(1,5)/2)\/n(d0+d1X/n+d2X2/n2)
n—1,«
and
n—1
X+ ( X2 T+ (\/ﬁ— 1)2(1_5)/2)\/71(610—|—d1X/n—|—d2X2/n2),
n—1,«a

respectively. More generally, we shall consider tolerance bounds of the form

L(X) = X+4a—0byn(dy+di X/n+dyX2/n%) +c
UX) = X+a+by/n(dy+diX/n+dyX2/n?) +c

with suitably chosen constants a, b and c.



3 Probability-Matching Tolerance Intervals

In this section we construct one-sided probability-matching tolerance intervals in the
natural exponential family (NEF) with quadratic variance functions (QVF) by using the
Edgeworth expansion. After Section 3.1 in which basic notations and definitions of natural
exponential family are given, we introduce the first-oder and second-order probability

matching tolerance intervals in Section 3.2.

3.1 Natural Exponential Family

NEF-QVF families consist of six important distributions, three continuous: normal,
gamma, and NEF-GHS distributions; three discrete: Binomial, Negative Binomial, and
Poisson (see, e.g., Morris (1982) and Brown (1986)). We will consider tolerance intervals
for both the continuous and the discrete NEF-QVF distributions, although our primary
focus is on the discrete case.

We first state some basic facts about the NEF-QVF families for use in the rest of this

article. The distributions in a natural exponential family have the form
F(xlg) = e n(a)

where ¢ is called the natural parameter. The mean p, variance 02 and cumulant generating

function ¢ are respectively

p=9(€), o =", and ge(t) = Bt +€) —(€).

The cumulants are given as K, = ™) (¢& ). Let B3 and (4 denote the skewness and kurtosis.
In the subclass with a quadratic variance function (QVF), the variance 1" (§) depends on

¢ only through the mean p, and indeed,
0 =V () = dy + dyip + dopi?, 9)
for suitable constants dy, di, and dy. We denote the discriminate by
A = d3 — 4dyds,. (10)

The notation A will be later used in the statements of theorems for both the discrete and

the continuous cases, although for all the discrete cases A happens to be equal to 1. Note
that ‘;—’g =¢"(€) = 02, so
_dV dp _ dK3 dp

K;=9¢®(€) = o dE (dy + 2dypi)o? and K, = W (&) = oA Ac? + 6dyo?.



Hence,
B3 = K3/o® = (di + 2dop)o™" and By = Ky/o* = Ac™? + 6d,. (11)
Discrete NEF-QVF families consist of the Binomial, Negative Binomial, and Poisson
distributions. Let us list the important facts for the three distributions separately.
e Binomial, B(1,p): & = log(p/q), ¥(§) = log(1 + €%), and h(z) = 1. Also u = p,
V(p)=pg=p—p? Thusdy =0,d; =1, dy = —
1—2u
(u(1 = p))7?’
e Negative Binomial, NB(1,p), the number of successes before the first failure: & =
logp, ¥(§) = —log(1 —¢°), and h(z) = 1. And p = p/q, V() = p/¢* = p+ 1.
Thus dy =0, dy =1, dy =1,
o 1+2p 1+ 6p + 62
ST e WL+ )
e Poisson, Poi(A\): € = log\, ¥(§) = €%, and h(x) = 1/z!. And p = A, V(p) = p.
Thus here dy =0, d; =1, dy =0,

B3 = and (4 =

and [y =

1 1
ﬁ3zm> and fy=—
Continuous NEF-QVF families consist of the normal, gamma , and NEF-GHS distri-
butions.
e Normal, N(0,1): € = 0, 1(€) = €2/2 + log\/2m, and h(z) = ¢**/2. Also pu = 6,
V(p) = 1. Thus here dy =1, d; =0, dy =0, §3 =0, and 4 = 0.

e Gamma, Gam(r A) (with 7 known): £ = —1/X, (&) = log['(r)(—1/&)", and h(z) =
e(r=D1os(@)  And = r), V(u) = p?/r. Thus in this case, dy =0, d; =0, dy = 1/,
fBs = 2r~ 5, and (34 = 6/r.

e NEF—-GHS(r,)\) (with r known): The pmfis f(x) = (14+A2)""/2exp{z tan =1 ()} f,.0(z),

where f,o(x) is the density of a generalized hyperbolic secant distribution with pa-

rameter r which is defined as

o0

2r2 .
frol@ H{ r—|—2] CEenin

In this case, £ = tan~'(\), ¥(§) = —r/2log(1 + tan?¢), and h(x) = f,o(z). And
pw=r\ V(u)=r+p?/r. Thus here dy =r, d; =0, dy = 1/r,

By =2p/(r(r® + pi?)2, and By = (2 + 61%)/(r® + rps?).




3.2 Omne-sided Tolerance Interval

We now introduce the first-order and second-order probability matching one-sided tol-
erance intervals. Let X = Z?:l X;, where X; are iid observations from one of the six
distributions discussed in Section 3.1. We shall denote the distribution of X by F;, , and
focus our discussion on the lower tolerance intervals. The upper tolerance intervals can
be constructed analogously. Two-sided tolerance intervals will be discussed in Section 4.

Similar to the confidence intervals, the coverage probability of a lower (4,1 — «)

tolerance interval admits a two-term Edgeworth expansion of the general form of
P(1=F, (LX) > ) = 1—a+S;-n 2 +0sc; n" 2 +S5-n  +0scy-n ' +0(n"2) (12)

where the first O(n™2) term, Syn~2, and the first O(n™!) term, Syn™!, are respectively

the first and second order smooth terms, and Oscy .n~% and Oscy-n~t

are the oscillatory
terms. (The oscillatory terms vanish in the case of continuous distributions.) The smooth
terms capture the systematic bias in the coverage probability. See Bhattacharya and Rao
(1976) and Hall (1992) for details on Edgeworth expansions.

We call a tolerance interval first-order probability matching if the first order smooth
term Sin% is vanishing and call the interval second-order probability matching if both

smooth terms S;n~2 and Syn !

vanish. Note that the oscillatory terms are unavoidable

for any nonrandomized procedures in the case of lattice distributions. See Ghosh (1994)

and Ghosh (2001) for general discussions on probability matching confidence sets.
Motivated by the discussion given in Section 2.1, we shall consider an approximate

(-content, (1 — «r)-confidence lower tolerance bound of the form

L(X) =X +a—by/n(dy + di X/n + dyX2/n?) + c, (13)

where do, d; and ds are the same constants as in (9) and a, b and ¢ are constants depending
on « and 3 such that

LX) < L(Y) if X <Y (14)

Remark: The quantity a in (13) “re-centers” the tolerance interval. As we will see later
that a is important to the performance of the tolerance interval. The quantity ¢ in (13)
plays the role of “boundary correction”. The effect of ¢ can be significant when p is near
the boundaries.

We shall use the Edgeworth expansion to choose the constants a, b and ¢ so that the

resulting tolerance intervals are first-order and second-order probability matching. The

10



first step in the derivation is to invert the constraint 1 — F'(L(X)) > [ to a constraint on
X of the form X < u(u, 3). Then the coverage probability of the tolerance interval can be
expanded using the Edgeworth expansion. The optimal choice of the values a, b and ¢ can
then be solved by setting the smooth terms in the expansion to zero. The algebra involved
here is more tedious than for deriving the probability matching confidence interval. The

detailed proof is given in the Appendix.

Theorem 1 The tolerance interval given in (13) is first-order probability matching for
the sixz distributions in the NEF-QVF if

1
a = 6[(23_5 — 1)(1 4 2doft) + (1 4 324215 + 222)(dy + 2daj1)], (15)
b = 24+ 215, (16)

and ¢ = 0, where i = X/n and 6 = \/dy + diji + dafi2. The tolerance interval (13) is
second-order probability matching with a and b given as in (15) and (16), and ¢ given by

1
Ere—l
+24ds(do + fi(dy + doft))27_g2za + 21-5[1 + 2d2i(20 + Bdafi + 24dafiz2) + 3d}(2 4 22)
+18dgdy(—3 + 222) + 6dydafi(—5 + 822)] + zo[d3 (T + 222)

+2d1dou(5 + 1322) + 2do(9do(—1 + 22) + dofi (5 + 1327))] } . (17)

(=1 + 18dody + 2(—8 + 9dy)daft + 2d54%) 27 _g

Remark: We have focused above on the construction of lower tolerance intervals. The
first order and second order (-content, (1 — a)-confidence upper tolerance intervals can

be constructed analogously, which are

X +a+by/n(dy + dy X/n + dy X2 /n?) (18)

and

X +a+by/nldy + d X/n + dy X2 /n2) + ¢, (19)

respectively, with the same a,b and ¢ as the lower tolerance intervals.
For all six distributions in the NEF-QVF, b = z, + z1_3. It is useful to give the

expressions of the constants a and ¢ individually for each of the six distributions.

1. Binomial: a = (1 — 2/1)(24 + 21-8) (224 + 21-5), and

1 1
c= —1—8(13z§ + 1120215+ 27_5 + 5) (i — i*) + %(222 + ZaZ1-g — 215+ 7).

11



2. Poisson: a = ¢(2a + 21-9) (220 + 21-p) and ¢ = 5:(7 — 2}_g + 20215 + 222).

3. Negative Binomial: a = $(142/1)(za+21-8)(22a+21-g) and ¢ = (1322 +11z,21_5+
2t g+ 5)(a+ p?) + 3 (222 + za21- — 25+ 7).

zl_ﬁ—zi’_ﬁ

4. Normal, N(p,0?) (with o known): a = FEe——

(2f_5—1)and c =

=

5. Gamma, Gam(r,\) (with r known): a = %(za + 21-4) (220 + 21-5) + 3(27_5 — 1)

and

1
3612(2o + 21-) {20215 =
+r2(215 — Zf—g) - 87’/1(22?—5 + 602022 — 1) + 21 5(3f(2% — 1) — 5))} :

c = 192 + 1227420 + 3723 + 21-5(3623 — 7))

6. NEF-GHS(r, ) (with r known): a = 3—[:_(2% + 21-8)(2a + 21-p) + ¢(21_5 — 1) and

1
= —8rfiz1_5(22°_4—5
¢ 3612(zo + 21-5) {=8rfizrs(225 =)
+20%(521-5 + 20 _g + 52a + 1227524 + 2421_p2) + 132])

+r (1725 + 2427520 + 1824(22 — 1) + 21-5(53 — 3622)) } -

Figures 2 and 3 plot the coverage probabilities of the first-order and second-order
probability matching (0.9, 0.95) lower tolerance intervals for n = 50. It is clear from Figure
2 that for the three discrete distributions, the first and second order probability matching
tolerance intervals have nearly vanishing systematic bias, and the second order probability
matching interval has noticeably smaller systematic bias than the first order probability
matching interval for the Negative Binomial distribution. By comparing Figure 2 with
Figure 1 we can see that the coverage probability performance of these one-sided intervals
is better than the existing one-sided tolerance intervals.

For the continuous distributions, the systematic biases of the new tolerance intervals
are small. Note that for the normal distribution, the coverage probability of the new
tolerance interval is a constant for a fixed sample size when the mean varies. Thus, we
plot the coverage probability for different sample sizes instead of different means for the
normal distribution in Figure 3. The performance of the coverage probability of the first
and second order probability matching intervals for the normal distribution is similar and
both have systematic biases less than 0.02. For the gamma distribution, the second order
probability matching tolerance interval has smaller systematic bias than the first order

probability matching interval.

12
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Figure 2: Coverage probabilities of the 90%-content, 95% level of the first order and second order
probability matching lower tolerance bounds for the Binomial, Poisson and Negative Binomial
distributions with n = 50.
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Figure 3: Coverage probabilities of the 90%-content, 95% level of the first order and second
order probability matching lower tolerance bounds for a normal distribution (top row) and a

Gamma distribution (bottom row) with 7 = 2 and n = 50.

4 Two-sided Tolerance Interval

We have derived the optimal one-sided first-order and second-order probability matching
tolerance intervals in Section 3. It is also natural to consider two-sided tolerance intervals.
However, it is difficult to obtain the optimal choices for the values of a, b and ¢ for a two-
sided tolerance interval using the same approach. A key step in the derivation of the
one-sided intervals given in Section 3 is the inversion of the constraint 1 — F(L(X)) >
to X < u(p, ). Similarly, for a two-sided tolerance interval, it is necessary to invert the

constraint

Fop(U(X)) = Fu(L(X)) 2 5 (20)

in terms of X. However, it is difficult to solve the inequality theoretically.

14



We thus take an alternative approach to construct two-sided tolerance intervals by
using one-sided upper and lower tolerance bounds. Let Upyg)/2(X) and Li1g)/2(X) be
the upper and lower probability matching ((1+()/2, 1 —«) tolerance bounds, respectively.
We propose to use the interval

(La+p)2(X), Unip2(X)) (21)

as a [-content, (1 — a)-confidence two-sided tolerance interval.

Figures 4 and 5 plot the coverage probabilities of two-sided (0.9,0.95) tolerance inter-
vals built from the first-order and second-order probability matching tolerance bounds.
The coverage probabilities for the two-sided tolerance intervals are calculated exactly for
the three discrete distributions and are approximated by numerical calculations for the
normal and gamma distributions. By comparing Figure 4 with Figure 1 it is clear that the
performance of these two-sided intervals is better than the existing two-sided tolerance
intervals in the case of Binomial and Poisson distributions. The coverage probability of
the proposed two-sided tolerance intervals for the three discrete distributions oscillating
in the center from 0.95 to 0.96 with the systematic bias less than 0.01. In contrast,
the coverage probability of the two-sided tolerance intervals in Figure 1 oscillates in the
center from 0.975 to 0.99 with the systematic bias greater than 0.025. The proposed two-
sided tolerance intervals for continuous distributions also have good performance with the

systematic bias less than 0.005.
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Figure 4: Coverage probabilities of the 90%-content, 95% level of the first order and second
order two-sided probability matching tolerance intervals for the Binomial, Poisson and Negative

Binomial distributions with n = 50.
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Figure 5: Coverage probabilities of the two-sided 90%-content, 95%-confidence tolerance inter-

vals built from first order (left column) and second order (right column) probability matching

tolerance bounds for the normal (top row) and gamma (bottom row) distributions.

In addition to coverage probability, parsimony in length is also an important issue

for two-sided tolerance intervals. Figure 6 compares the expected length of the two new

tolerance intervals with that of the two intervals discussed in Section 2. It is clear that

the expected length of the proposed tolerance intervals is less than that of the existing

tolerance intervals. Thus, based on both coverage probability and expected length, the

tolerance intervals derived from our analytical approach outperform the existing tolerance

intervals in the literature.
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Figure 6: Expected lengths of the 90%-content, 95% level of the two-sided tolerance inter-
val based on (2)(solid, binomial) and (3)(dotted, binomial), the tolerance interval based on
(4)(solid, Poisson) and (5)(dotted, Poisson), the first order probability matching two-sided tol-
erance interval (dashed) and the second order probability matching two-sided tolerance interval
(long-dashed) for Binomial (left panel) and Poisson (right panel) distributions with n = 50. For

the Poisson distribution, the dashed and long-dashed lines are almost overlapped.

5 Appendix: Proof of Theorem 1

We begin by introducing notation and a technical lemma. All three discrete distributions
under consideration are lattice distributions with the maximal span of one. Lemma 1 be-
low gives the Edgeworth expansion and Cornish-Fisher expansion for these distributions.
The first part is from Brown et al. (2003). The expansions for the three continuous distri-
butions are same, except that there are no oscillation terms. For details on the Edgeworth
expansion and Cornish-Fisher expansion, see Esseen (1945), Petrov (1975), Bhattacharya,
and Rao (1976), and Hall (1992).

Let X4,..., X, be iid observations from one of the three discrete distributions in the
NEF-QVF families. Denote the mean of X; by p and standard deviation by o. Let
B3 = K3/o3 and 83 = K,;/o* be the skewness and kurtosis of Xj, respectively. Set
X =3"X; and Z, = n2(X — p)/o where X = X/n. Let Fo(z) = P(Z, < z) be the
cdf of Z, and Let f,,3 = inf{x : P(X <) > 1 — [} be the upper  quantile of the
distribution of X.
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1 3
Lemma 1 Suppose 2 = 2o+ cin” 2 + con™ ' + O(n~2) where 2, ¢; and ¢y are constants.

Then the two term Edgeworth expansion for F,(z) is given by
Fu(2) = @(20) +p1(2)$(20)n” 2 +pa(2)d(z0)n ™" +0ser-n”2 4+ Osey-n™' +0(n73) - (22)

where Oscy and Oscy are bounded oscillatory functions of p and z and

1
mz) = a+ 653(1 — 23) (23)
1 1 1 1
pe(z) = o — —zocf + —(ZS’ — 320) P51 — —54(28 —320) — —5%(28 — 10,2'3 + 15z0) (24)
2 6 24 72
1
p3(z) = —a+ 653(2(2) —3). (25)

The two-term Cornish-Fisher expansion for f, . is given by

11
fapp = it = z15(n0%)2 + S (14 2dp) (25 — 1)

1 1 (72 1
+[5(zf—ﬁ —z21-p) + §(d2M + d3p) (2275 — 521-p) — Zd2(2?—5 —3z1_5)|(no?) "2
+ Oscs + Oscy -7 + O(n™") (26)

where Oscs and Oscy are bounded oscillatory functions of p and 3.

We shall focus on the smooth terms and ignore the oscillatory terms in (22) and (26)

in the following calculations.

Proof of Theorem 1: It follows from (14) that 1—F(L(X)) > [ is equivalent to L(X) <

fnu,g Which is also equivalent to

X <u(p,B), (27)

where

1

u(p, B) = A= vdn )

{—a + %del + frus T bDn} (28)
with
D, = {don + 07 fupp(nd +dafrp) —ady + idei + ¢ — 2ads foun ™
+ (a? = Vc)dyn™" — Ddods )} ? (29)
The coverage of the tolerance interval is then

P(1 — Fou(L(X)) > ) = P(X < ul, B)) = P(Z, < =) (30)
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where Z, = (X — nu)/vno? and z, = (u(p, 8) — np)/vno?.

To derive the optimal choices for a, b and ¢, we need the Edgeworth expansion of
P(Z, < z,) as well as the expansion of the quantile f, , s given in Lemma 1. By (26),
the term don +n=' f, . g(ndy + dafn,p) in (29) is equal to

1 1 1
no® — (no?)2 (dy + 2dapt) 21 _p + 6(d1 + 2dop) (1 + 2dop) (27_5 — 1) + 0°dozi_g5 + O(n"2).(31)

It then follows from (26), (29) and (31), and the Taylor expansion

T

N[
N[

N — —~

1
(x—l—e)% =12 + €— éx_%€2+0<$_g€3)

for large = and small € that

1 1 1 1
P = (na2)% a §(d1 +2dap)z1 5 + {_§(d1 + 2dyp)a + ngdf + 5¢
1
8
Note that (1 —b*don™')™! = 1+0%don™' 4+ O(n~2). Using this and the above expansion

for D,,, we have the following expansion for z,,

1 1
+— (1 + 2dop) (dy + 2dap)(7_5 — 1) — §b2dod2 —

19 (d% — 4d0d2)2%_5} (TLO‘Z)_% + O(

Zn = (b—z1-p)

1 1 1
+ {6(1 + 2dop)(27_5 — 1) — §(d1 + 2da 1) 210 + (§d1 + dop)b* — a} o lnz

1 1
+ {ZdQ(le_ﬁ — 2 g)o” + §(d2ﬂ +d3p®) (22_5 — 521-5)
1 1 1 1 1
tms —§a(d1 + 2dap) + gb%ﬁ — §b2dod2 +5¢
1 1
g (1 2d) (e + 2op) (5, — 1) = (& 4d0d2)zfﬁ]b} J—

(20_5 — 21-8) + (b — z1_g)b°do0? + |

+0(n"%)
= (b—2z-p)+ can~7 +en T+ O(n’%). (32)
It then follows from the Edgeworth expansion (22) for P(Z, < z,) given in Lemma 1
that b needs to be chosen as b = 2, + z;_p in order for the coverage probability of the
tolerance interval to be close to the nominal level 1 — . With this choice of b and using

the notation in (12) for the Edgeworth expansion of P(Z, < z,), the coefficients for the

smooth terms are:
1
S = [a+ 653(1 — 22)]¢(za)

1 1 1 1
Sy = {02 - 52010% + g(zi — 3%4) 0501 — ﬁ@(zi —324) — iﬁ??(zi — 1022 + 152a)} d(2a)-

20

nt).

(33)

(34)



First-order probability matching interval: To make the tolerance interval first-order

probability matching, we need S; = 0, or equivalently ¢; = % B3(22 —1). This leads to the

choice of
1
a = 6[(zf_ﬁ — 1)(1 + 2dapt) + 320 (20 + 21-5)(dy + 2dap1) + 0 B5(1 — 22)]
1
= Gl = D+ 2dap) + (14 32021 + 223)(da + 2dapy)] (35)

However, p is unknown. We shall replace p by i in a and set ¢ = 0. It is straightforward

to verify that there is no first-order effect by replacing p with £ in (35) and that

X +a—by/n(dy+ di X/n + dy X2 /n?). (36)

with a and b given in (15) and (16) is first-order probability matching lower bound.

Second-order probability matching interval: To make the interval second-order
probability matching, we need both S; = 0 and S, = 0. We can find the value of ¢
from equations (32 ), (33) and (34). However, a was assumed to be a constant not
depending on X in the original derivation of z,. But in (36), a is a function of X
and this will have a second-order effect. We thus need to consider tolerance bound of
the form (13) with a given in (15) and b given in (16), and redo the analysis to find
the optimal c. Set hy = F(da((2f_5 — 1) + 3(za + 21-5)2a)) + 2d2/2(1 — 22) and hy =

t[(z1_5 — 1) 4+ 3d12a(2a + 21-5) + di(1 — 22)]. Then (13) can be rewritten as

LX) = X[14 2hn™" | 4+ hy — (20 + 21-5)V/n(do + d1 X /0 + da X2 /n2) + c.
It follows from (14) and some algebra that 1 — F((L(X)) > § if and only if X < u*(u, 5)
where

(1, ) = Sogup + 501 (za + 21-8)* — ha + 200" fr 5 — 2hahon™ + (2o + 21-3) D},
)= (1+2hin=1)2 —dy(za + 21-p)*n1

(37)
with

d2
D:; = {don + n_lfn%/g(ndl + d2fn7liw3) + —1(Za + Zl_g)Q - h2d1 +c— dgdg(za + 21_5)2

4
+4hydy + [Adoh? + 2 fn . s(hidy — hads) + (h3dy — 2hydyhy)
+(4hy — (20 + 21-5) da)ca]n ™" + dh2en ™2} 2 . (38)
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It then follows from the expansion (26) for f, , s that

1 1
D;; = (n0_2)% —+ §(d1 + QdQM)Zl_ﬂ + {E(l + 2d2,u)(d1 + 2d2,LL)(Z%_5 — ].)
1, 1 11 b1
+Za(2’a — 22’1_5)(§d1 — Edodg) + §C — §d1h2 + 2d0h1 — dguhg + dlhlﬂ (na ) 2
+0(n7h).
Note that =g = | — [0 — (20 + 21-9)%da]n ™" + O(n7?). Set 2;; =
(u*(u, B) — np)/vno?. It then follows from (37), after some algebra,
* 1 2 -1, -1 o’dy, 5 3 2
= ot gldit2dap)(z — 1)o7 072 4 =05l p(321-5 + d7a) + 22 + 21-p(=9 + 62,
1
—l—ﬁ[(l + 16dopu(1 + dg,u))zi’_ﬁ — 21_p(1 = 36¢ + 4dou(10 + 16dap + 3dopz?)
+3d1 (2 + 22)(di + 4dap)) + 3z4(12¢ + 12dydopz? + d3(2 — 522) — ddop®(2 + 22))]} (no®) ™

+O(n_%).

The Edgeworth expansion in Lemma 1 then leads to the choice of ¢ given as
1

= —— I(—1+18dydy + 2(—8 + 9d,)d 2d%1%) 23

+24ds(do + p(dy + dap))27_g2za + 21-5[1 + 2dopa(20 + 5dop + 24dopz2) + 3d7(2 + 22)

+18dgdy(—3 + 222) + 6dydaps(—5 + 822)] + 2o [d3(7 + 222)

+2dydopu(5 + 1322) + 2d2(9do(—1 + 22) + dop® (5 + 1322))] } - (39)
We shall replace p in (39) by f since p is unknown. It can be verified directly that

resulting tolerance interval is second-order probability matching. 1
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