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A Simple Ancillarity Paradox
DEAN P. FOSTER
University of Pennsylvania

EDWARD I. GEORGE
University of Texas at Austin

ABSTRACT.For the problemof estimatingthe meanof a univariatenormaldistribution
with
knownvariance,the maximumlikelihoodestimator(MLE) is best invariant,minimax,and
admissibleundersquared-error
loss. It is shownthat if the varianceis the realizedvalueof an
ancillarystatisticwith knowndistribution,the MLE can be inadmissiblewith respectto the
risk averagedoverthis ancillarydistribution.
unconditional
Key words: admissibility,ancillarystatistics,conditionalinference,risk

1. The paradox
An ancillarityparadox may be succinctlydefined as a phenomenonwhere "a procedure
whichis conditionallyadmissiblefor each value of an ancillarystatisticcan be unconditionally inadmissible"(Berger, 1990). In this paper, we show that such an ancillarityparadox
can occur even in the simple and familiarsetting where we wish to estimate,u from the
observationof a single normalrandomvariableX- N(p, v) with v known. Under expected
squared-errorloss
R(5, I, v)

-E(b

_

(1)

j)2,

the MLE 5MLE = X is best invariant,minimaxand admissible.Now suppose that v is the
realizationof an ancillarystatisticV with a knowndistributionFv whichdoes not dependon
,u.In spite of the widelyheld notion that inferenceabout ,i should be conditionalon V= v,
it turnsout that it can mattervery much if in the long run this experimentis repeatedover
and over.
The main thrust of this paper is to show that for certain Fv, 6MLE is unconditionally
inadmissiblein the followingsense. For such Fv, the estimator
6V

6V(X

V)=(

I X2 +

)x

(2)

uniformlydominates 5MLE underthe unconditionalrisk
R(6, p)

EFVR(b, ,, V) = EFvEv(6

_

p)2.

(3)

One such Fv underwhich this unconditionaldominanceoccurshas continuousdensity
f (v) = a' -(a I)I >

(4)

where 1 < a < ao with ocospecifiedin theorem3 below. The proof of dominancefor this and
other Fv is the subjectof section 3.
A situation in which the above setup arises naturallyis the estimationof the drift of
Brownianmotion observedonly at a randomstoppingtime. More precisely,let Z(t) be a
Brownianmotion with driftrate p and variancerate 1, i.e. Z(t) - N(yt, t). The problemis to
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estimate ,u based on Z(T) and T, where T is a stopping time which is independent of Z(t).
But this is equivalent to estimating p based on X -Z(T) /T and V
I/T, where X I VI
for an ancillary T,
MLE
for
,u
may
be
inadmissible
results
show
that
the
V).
Thus,
our
N(yu,
and provide a dominating estimator. A related result by Brown (1988) shows that in this
context the MLE can be inadmissible for random T which is not ancillary.
Our ancillarity paradox persists for a large variety of loss functions. The following lemma
(whose straightforward proof is omitted) shows that our results imply that (v dominates
6 MLE with respect to a wide class of unconditional risks of the form

R,,(b, /1)-EFvg(

( S)

V)R(69pq V).

For example, letting g(v) = 1/v, it turns out that for certain Fv (different from Fv given by
(4)), bv dominates 6 MLE with respect to the unconditional normalized risk

RNO,

9)=-

EFvIvv R(6,l1,

(6)

V).

Lemma 1

Suppose 6 dominates 6MLE with respect to R(6, t) -EFVR(6, P, V) for a distribution Fv. If
there exists a distribution F'v such that dFv(v) cc(1/g(v)) dFv(v), for a function g(v), then 6
dominates 6 MLE with respect to RG(, t) -EFgg(V)R(b, i, V).
The underlying intuition behind our proof in section 3 that 6v unconditionally dominates
is based on observing how R(bV, p, v), the conditional risk function of bv, changes as
v varies, and how the unconditional risk R(bV, ,u) can average these risks to yield smaller
unconditional risk than 6 MLE. This general feature of ancillarity paradoxes is described
by Casella (1990). To see how R(bv, u, v) changes as a function of v, Fig. 1 provides
(lIv)R(bV, ju, v) (obtained by numerical integration), for v = 1, 10, 100, 1000, 10000, where
the horizontal axis has been compressed to present (- oo, + so). Consider first the shape of
R(b V, u, 1), the risk of 6 v when V = 1, which corresponds to the solid line curve with maxima
closest to ju = 0. R(bv, ku,1) obtains its minimum at ju = 0, where R(bv, 0, 1) - 0.46704,
6MLE

increases to its maximum, sup, R(bV, u, 1) = 1.25, on either side of 0, and then asymptotes to
1 as Pi -* + oo. As v is increased, the successive risk functions have wider regions where they
obtain "improved" risk. It turns out that as a result of this feature, these risk functions can
be averaged to widen the region of improved risk further. Moreover, R(b MLE, j, v) =v,

( 1

1

~~1

o

0.8

I

0.6

1

co

0

Fig. 1. Normalizedrisk functions(lIv)R(6V ,u v) for v = 1, 10, 100, 1000, 10000.
?
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which implies that R( MLE, p) = EFVV. Thus, unconditional dominance of 6 MLE by 6 v occurs
under Fv for which,
R(6', p) = j'R(v,

p, v) dFv(v) < Jv dFv(v) = R(bMLE, p)

for all y.

(7)

It may be of interest to note that the general results of Brown (1966) on the admissibility
of the best invariant estimator of a location parameter can be applied to our setup. It follows
from his th. 2.4.1 that our ancillarity paradox cannot occur when EV312 < oo. Furthermore,
when EV = O, 6MLE has infinite unconditional risk and so can be trivially dominated by any
6 c c. The distribution Fv satisfying (7) falls within these bounds. Indeed EFv V < O0
whereas EFVV3/2 = 0O.

2. Understandingthe paradox
The value of statistical paradoxes lies in what we learn from them. The key to understanding
our ancillarity paradox is to note that the main issue has to do with the choice of a long run
sequence for risk evaluation. More precisely, suppose we are interested in the long run
consequence of using an estimator 6 in our setup. Two different kinds of long run may be
considered. One long run sequence of interest would consist of repetitions of the unconditional experiment where X - N(C, V) after V - Fv, namely
X',

Xy2

(8)

The long run consequence of using 6 on (8) is measured by the unconditional risk
R(6, ,u) = EFVE'(6 -_ )2 in (3), which is equal to the limit of the average loss over (almost)
any realization of this sequence. The other kind of long run of interest would consist only of
repetitions of the conditional experiment X - N(,, v) for a fixed value of v, namely
X1,

X2

(9)

The long run consequence of using 6 on (9) is measured by the conditional risk
R(6, p v) El(6 _- )2 in (1), which is equal to the limit of the average loss over (almost) any
realization of this sequence.
From this long run sequence perspective (which we call the "sequence man perspective",
see also Berger (1984) and Neyman (1977)), conditioning on V = v in (8) corresponds to
restricting evaluation to a sequence of the form (9). (Strictly speaking, this is only true if Fv
is a discrete distribution. For continuous Fv, this interpretation is only obtained as the limit
of suitable discrete approximations to Fv.) In contrast, unconditional evaluation via (8)
corresponds to evaluation over a mixture of subsequences of the form (9) according to the
distribution of V, namely Fv. Seen in this way, our ancillarity paradox is simply an example
where admissibility over conditional sequences of the form (9) does not guarantee admissibility over unconditional sequences of the form (8). That this can happen is not so surprising
when it is understood that risk values are limits of average loss over these sequences. Indeed,
in our example the effect on the limit of conditional subsequences where 6v fares worse than
6MLE can be offset in the unconditional sequence by mixing in many other conditional
subsequences where 6v fares much better than 6MLE.
At first glance, it appears that the only paradox here is that the relative merits of 6MLE and
6v depend on whether or not we condition on the ancillary statistic V, which has nothing to
do with p. However, the real issue is whether it suffices to base risk evaluation on the
conditional sequence (9), which is the effect of conditioning on the ancillary statistic. This is
?
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a seriousproblembecausewe do not know in advancewhich sequencewe are facing and
because, as our paradox shows, good conditional performancemay not guaranteegood
unconditionalperformance.It seems to us that the only way to avoid such potential
problemsis to carryout evaluationsfrom both the conditionaland the unconditionalpoints
of view.
Our ancillarityparadox has several precedentsin the literature.To begin with, Perng
(1970) and Fox (1981), buildingon the work of Brown (1966), provide explicitexamples
where the best invariantestimatorX of a location parameterIt is inadmissible.Although
theseexamplesdo not explicitlyreferto an ancillarityparadox,the distributionsunderwhich
X is inadmissibleare obtainedby mixinga conditionaldensityof the formf(x v) over
a distributionon v which does not dependon p. Thus, an ancillarityparadoxsuch as ours
is implicitin theirresults.Froma purelytechnicalpoint of view, the only contributionof our
exampleis that it is simplerand more clearlyexposes the natureof the paradox.
The main precedentof our ancillarityparadoxis the discussionpaper by Brown (1990)
which demonstratesan ancillarityparadox in multiple regression,namely that the least
squares intercept estimate which, conditionallyon the design matrix, is best invariant,
minimaxand admissible,can become unconditionallyinadmissibleunder certain distributions on the design matrix,which is ancillaryin this problem.Using our above "sequence
man perspective"with X and V representingthe interceptestimate and the design, this
paradoxalso occurs becauserisk evaluationover an unconditionalsequence(8) can differ
markedlyfrom risk evaluationover a conditionalsequence(9). In this case, the offending
distributionon V combinesthe conditionalsubsequencesin such a way that a multivariate
Stein phenomenonoccursin the unconditionalsequence.
Althoughthereare other ancillarityparadoxesin the literature(see e.g. Cox, 1958),these
are fundamentallydifferentin nature from ours. Berger (1990) observes that Brown's
paradoxcan be distinguishedfrom these otherparadoxesby the fact that it is "impossibleto
determineits inadequacyusing conditionalreasoning".He points out that other ancillarity
paradoxescan be resolvedby notingthat the conditionalproceduresare Bayesor generalized
Bayes with respect to differentpriors. Our paradox shares this distinguishingfeature of
Brown'sparadoxsince it also cannot be resolvedby such conditionalreasoning.
3. The proof

In this sectionwe provethat for certainFv, 3v uniformlydominates6MLE with respectto the
unconditionalrisk (3). However,ratherthan prove this directly,we firstshow unconditional
dominancewith respectto variancenormalizedrisk
RN(,

/1, V)--

v

R(6, /, v).

(10)

That is, we show that for particularFv, 6Vdominates3MLE with respectto
RN0(, /1)

EFVRN(b, i, V),

(11)

the unconditionalnormalizedrisk in (6). The dominanceresultwith respectto R(6, P) in (3)
will then follow as a resultof lemma 1.
The advantagein workingwith RN(6, ) is that it is easierto see what is drivingthe main
result. Indeed, the normalized risk functions in Fig. 1 are just special cases of
RN(OV, 1,V) = (1/v)R(b, i, v). As v is increased,the successiveRN(Ov, P, v) are obtained by
4;stretching"RN(V, P, 1), a consequenceof the fact that
(V Board of the Foundation of the Scandinavian Journal of Statistitss 1996,

Simple ancillarity paradox

Scand J Statist 23

RN(5v, /, v) = RN(v,

// V/,

1).

(12)

Moreover, RN(b MLE, ", v) -1, which implies that R(bMLE,
that for some FV
RN(6v,

=
RN)

RN(V,

237

i)

for all

PI, v) dFy(v) < R(bMLE p)

1. Thus, it suffices to show

.(13)

We now proceed to construct FV which satisfy (13). Our construction is facilitated by
considering first, an Fv with discrete support. Based on this discrete Fv, we then obtain
continuous FV which also satisfy (13). For some 0 < r < 1 and s > 1 (to be specified), a
discrete FV satisfying (13) has a discrete density of the form
Pv(s') =(I -r)r',

for i = 0, 1, ....

(14)

where [SO,s1, 52, .} is the support of FV. In order to satisfy (13), r and s must be chosen
so that Fv puts enough weight on successive RN((b, ,u, V).
For example, it turns out that such an FV is obtained by r = 0.6 and s = 10. For this
choice, Fig. 2 displays successive conditional risks Ek(p) -EF[RN(6v,
P, V) I V < bk]
for k = 0, . . ., 4. Note that each Ek < 1 (the dotted line) in a region surrounding yi = 0.
This region becomes wider as k increases because in going from Ek 1 to Ek, the "hump" of
Ek -1 is canceled out only to be replaced by a new hump of Ek which is smaller and
further away from zero. Continuing in this manner yields RN( V, k) = liMk - x Ek(u) < 1 for
all [i.
The choice of Fv in (14) is based on the following construction of an upper bound
function for [RN(OV,Pi, 1) - 1]. This function, denoted G(u), is defined by four positive
constants A, B, a, b to be

Eo

J

El
,

Fig. 2. Conditionalrisks EkCu)
Each dotted line is 1.
?

.

EFJRN(v,(

....

.

,

. ....

V) I V IOk]with r = 0.6 and s = 10 for k =0, .
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B

0

[R(6,ll-]

>|

-A

a
Fig. 3. G(p) and [RN(5v,

)-

ii

1].

for <[1la

f-A
B

G(u)=

jj,

b

for a < u| <_b
for b < Jill < ?

(Bb2/,i2

(15)

where these constants are chosen such that
[1-RN(Ov,O, 1)]> A > B >

sup RN(5v,, 1) -1]

(16)

and
G(C) >

[RN(bv,

p, 1) -1]

for all HI.

(17)

An example of such a choice is displayed in Fig. 3. Although it can be rigorously proved that
such a G(u) can be chosen using -limits of approximations, this is tedious and we leave it to
the interested reader. For practical purposes, these constants can be obtained using numerical methods. Analysis of RN,(V, /i, v) has also been carried out by Thompson (1968).
We need the following four constants r, e, c and s specified in order. Choose r to satisfy
B r < 1.
Now choose

? >

(18)
0 such that

B + 2?
rA
A

(19)

Now choose c > a to satisfy
G(p) = Bb2/,u2< Er for all ,u > c.

Finally, for the supportset {s

,

52

(20)
.}

of Fv, let s satisfy

s > c2/a2 and rs > 2.

(21)

Now define a sequence of functions,
Gi()=-G(Cu/s i2),
?

i = 0, 1, 2, . . .
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so that by (12) and (17),
for all i,

Gi(j) > [RN(6v, i, s) -1]

(23)

and
-A
=
B
Gi()

for lJuI<as i2
for as"12< Ij, <bsi12
for bsi12< IP1 < ??

(Bb2shil2

(24)

To prove our main result, we define
k

Hk(1) = (I -r) E r'Gi(u).

(25)

i=O

Obviously, limk ,XHk(u) > RN(5v j) -1. Our final result, RN(Ov
is then obtained by showing that for all ,u, limkO Hk(II) < 0.

I)

<1

(=RN(6MLE,

05))

Lemma 2
For l81 <

(i) HkC(u) < Hk

ask!2,

l (/l)

and (ii) Hk(,u) < 0.

Proof. (i) follows from the decomposition
that GkCu) < 0 for Ik|< as k2.

+ (

(i)

= Hk- -

Hk(y)

- r)rkGk(Iz)

and the fact

(ii) is shown by induction. Since GO(k) G(u), the assertion is true for k = 0. Now assume
as(k- 1)/2. Thus it suffices
it is true for k - 1. It then follows from (i) that Hk(p) < 0 for |
to show
Hk(,u) < 0

for

as(k -1)/2

<

lit| <

(26)

ask!2.

Consider the decomposition
Hk(p)

For

as(k

-1)/2

Hk

- AM)

(1

+

=Hk-2(AP)

- r)rk

I()

l[Gk(_

(27)

+ rGk(,u)]

< I I < ask/2,
k-2

k-2
=

(1

E r'Gi(t) <B( I - r)r E

-r)

(rs) i/S(k

-2)

i=O

i=O
I

=

6(l

}-r)r

((r)k
((rs)klr
-)

-

1) < e(I1-r)rk-

where the first inequality above follows because for
Gi(p) < ersi-(k2)

for i =0.

rsI

lrl

ji

(,L)

as(k

2?( 1 -r)r
-

1)/2

> cs(k

k-

1

(28)

- 2)12,

(29)

k-2

which in turn follows from (20) and (24). Since
,lI< ask12, it follows using ( 19) that,
( 1-r)rk-l[Gk

>

<

+ rGk(P)] ?<-28(1

-r)rkl

-

Gk

I

(u) < B, and Gk(u) =-A

for ItI

ask12

Combining(27), (28) and (30) yields (26).

for

(30)

D

Theorem1
For r and s obtainedby construction(15)-(21), underdiscreteFv withdensity
pv(s') = (1-r)r',
6v

dominates 6MLE with respect to the unconditionalnormalized risk

EFvRN(b,

?

for i = 0, 1, . . .,

P,u V) in (6).
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Proof. Because s > 1, it follows from lemma 2 that for all ju, the sequence Hk(C) is
eventually monotone decreasing. Further, once it starts decreasing, it starts out less than 0.
O
Thus for all ju, limk,. Hku) < 0 which implies R(bV, t) < l( _R(bMLE, j))
Theorem 2
For r and s obtained by the construction (15) -(21), under continuous Fv with density
fv(v) = (a

-

1)v'I[V>

(32)

I,

where 1 < oc<1 - (ln (1 - r)/ln s),
normalized risk RN(, Pt) = EFVRN(,

dominates
/1, V) in (6).

6v

6MLE

with respect to the unconditional

to

Proof. Let W be a random variable with density proportional

w4-I[1

< w<s] Pick r such

that a < -(ln (1 -r)/ln s). Let V, pv in (14) with parameters r and s. Let V2= W VI
which then has density fv in (32). Then under FV2
RN(,

A, V2) = EFWEFVl[RN(,

EFV2RN(,

/1)
=

EFwEFV,[RN(b, P/W,

because EFVIRN(,

(

(33)

< 1 for all ,' by theorem 1.

,', "VI)

r)(ri

W1

VIW)IWp < 1

Theorem 3
For r and s obtained by the construction (15)-(21),
Ms)

/1, W Vl)

[

under discrete Fv with density

i=0,1,..
~~for

I

(34)

and under continuous Fv with density
fv(v)

=

(35)

cv -(oc+ 1)I[v > 1],

where 1 < c <1 - (ln (1 - r)/ln s), bv dominates 6 MLE with respect to the unconditional risk
R(6, /i) = EFVR(b, ,, V) in (3)
O

Proof. Apply lemma 1 to theorems 1 and 2.

More generally, it follows immediately from lemma 1 that 6v may dominate 6MLE with
respect to risks of the form Rg(b, i) =EFvg(V)R(6, ji, V) (for g satisfying certain regularity conditions). Note that such cases include the estimation of P under bounded loss
functions such as truncated squared-error loss.
Finally, we conclude with a graph which displays how the normalized risk RN(V, ki) is
obtained from the conditional risk RN(OV P, V) under the continuous distribution Fv in
(32). This graph is based on the re-expression of the unconditional risk under this Fv as
RN(6v, j) =

RN(V

P, V) dFV(V) = f

w11(1
RN(4V, 95, -W))

(36)

dW

which follows from the fact that for W - Uniform [0, 1], W'I('- 0 '-fv(v)
in

(32).

Figure 4 displays the surface
wl12(a- 1), 1) when a = 1.39 (< 1-(ln

and

contour

plot

of

= (a J> ]
1)v-I[v
RN(6V, Y, w (I-a)) =

(1 -r)/ln s) for r = 0.6 and s = 10) over the
range -20 < , < 20 and 0 < w < 1. This graph shows how quickly the region of improvement is moved out towards (- ooIn). This region would move out even more rapidly for
heavier tailed fv obtained by a closer to 1.
RN(6V,I

?
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0.

wA

Fig. 4. Surface and contour plot of

RNQWv, PI Wl/O -0)

when oc= 1.39.
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